J. Knot Theory Ramifications 2007.16:59-102. Downloaded from www.worldscientific.com
by UNIVERSITY OF DURHAM on 01/07/14. For persona use only.

World Scientific

Journal of Knot Theory and Its Ramifications \\p
www.worldscientific.com

Vol. 16, No. 1 (2007) 59-102
(© World Scientific Publishing Company

THREE-PAGE ENCODING AND COMPLEXITY THEORY
FOR SPATIAL GRAPHS

V. KURLIN

Department of Mathematical Sciences,
University of Liverpool,
Liverpool L69 7ZL, UK

kurlin@liv.ac.uk

Accepted 1 November 2005

Dedicated to my father

ABSTRACT

A finitely presented semigroup RSG), is constructed for n > 2. The centre of RSG,
encodes uniquely up to rigid ambient isotopy in 3-space all nonoriented spatial graphs
with vertices of degree < n. This encoding is obtained by using three-page embeddings
of graphs into the three-page book T'x I, where T is the cone on three points, and I is the
unit segment. The notion of the three-page complexity for spatial graphs is introduced
via three-page embeddings. This complexity satisfies the properties of finiteness and
additivity under natural operations.

Keywords: Spatial graph; ambient isotopy; isotopy classification; universal semigroup;
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1. Introduction
1.1. Statement of the problem and results

The method of three-page embeddings is developed for spatial graphs, i.e. finite
graphs embedded into 3-space. More precisely, the classification problem up to
rigid ambient isotopy is reduced to a word problem in finitely presented semigroups.
The key idea is to construct suitable three-page embeddings for neighborhoods of
vertices in a spatial graph. This construction allows us to reduce the number of
generators and defining relations in the universal semigroups for spatial graphs.

1.2. Motivation of the present research

The notion of a spatial graph is motivated both theoretically and practically.
Firstly, the classification problem of spatial graphs up to ambient isotopy in R?
is a special case of the general topological classification of the embeddings into R™.
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The theory of spatial graphs is a natural extension of the classical knot theory to
more complicated one-dimensional objects. The isotopy classification problem of
spatial graphs was intensively studied in [6, 7]. Many invariants of ordinary links,
inlcuding the Alexander polynomial, Jones polynomial and Vassiliev finite-type
invariants can be generalized to graphs [11, 15]. The complexity theory for spatial
graphs was motivated by Matveev’s complexity of 3-dimensional manifolds, which
satisfies the properties of finiteness and additivity under connected sum [12].

Secondly, spatial graphs are useful mathematical models for long protein
molecules in molecular biology. For instance, it is of importance whether the shape
of a molecule is symmetric under reflection [14].

1.3. Review of the previous results

An embedding of a link in a structure resembling an open book with finitely many
pages was probably for the first time considered by Brunn in 1898 [1]. More exactly,
Brunn proved that each link is isotopic to a link that can be projected to the plane
with only one singular point. Later studies of such embeddings gave a new link
invariant, the arc indez [3]. It turned out that each link can be embedded into the
book with three pages Y =T x I, where T is the cone on 3 points and I = [0, 1].

In 1999 Dynnikov encoded all nonoriented links in R? by three-page diagrams
and reduced the isotopy classification to a word problem in a finitely presented semi-
group [4, 5]. To be more precise these diagrams will be called three-page embeddings,
see the formal definition in Sec. 3.1. Formally, Dynnikov constructed the semigroup
DS such that its centre encodes all nonoriented links up to ambient isotopy in R3.
Vershinin and the author have extended the three-page approach to spatial 3-graphs
(graphs with vertices of degree only 3) [8] and to singular knots (links with finitely
many double intersections in general position) [10].

1.4. Basic definitions

A finite 1-dimensional CW-complex G is called a finite graph. Every 0-dimensional
(respectively, 1-dimensional) cell of G is said to be a vertex (respectively, an edge)
of the graph G. Since hanging edges having an endpoint of degree 1 cannot be
knotted, they are excluded. All graphs are considered up to homeomorphism.

Definition 1.1 (k-vertices of a graph, n-graphs and J-graphs).

(a) A vertex A € G is called a k-vertex (i.e. A has degree k), if the graph G has
exactly k edges attached to A.

(b) Fix an integer n > 2. If a graph G has k-vertices for k = 2,...,n only, then G
is said to be an n-graph.

(¢) Let J = {j1,...,Jr} be any set of integers j; > 3. If a graph G has k-vertices,
where either k = 2 or k € J, then G will be called a J-graph.
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We consider only nonoriented graphs, possibly disconnected. Self-loops and mul-
tiple edges are allowed. For instance, a 2-graph is the disjoint union of circles.

Definition 1.2 (a spatial graph, rigid and non-rigid isotopies). Let G be a
nonoriented finite graph. We work in the PL-category, i.e. the images of the edges
of G under an embedding in R? are finite polygonal lines.

(a) A spatial (or knotted) graph is a subset G C R®, homeomorphic to G. We also
assume that a neighborhood of any vertex of G lies in a plane.

(b) An ambient PL-isotopy between spatial graphs G, H C R? is a continuous
family of PL-homeomorphisms ¢; : R® — R3 ¢ € [0,1], such that ¢y = id,
$1(G) = H.

(c) If in addition, at each moment ¢ € [0, 1] of the isotopy ¢, a neighborhood of
every vertex of the graph ¢;(G) lies in a plane depending on ¢, then ¢, is called
a rigid isotopy. Otherwise ¢; is said to be a non-rigid isotopy.

For example, singular knots are spatial {4}-graphs considered up to rigid isotopy
[10]. See a singular knot and a 3-graph in Figs. 11, 12, respectively (Sec. 3). For
spatial 3-graphs, any non-rigid isotopy can be transformed into a rigid one. We may
keep three arcs at each 3-vertex of a graph in a (non-constant) plane. For spatial
n-graphs with n > 3, a non-rigid isotopy can permute edges at any vertex. Except
subsection 5.4 spatial n-graphs are considered up to rigid isotopy only.

Definition 1.3 (the encoding alphabet A,). For each n > 2, let us consider
the following encoding alphabet:
An - {ai; bi; Ci, di; Tm,i | 1€ Z?n 3 é m S TL}

The index i always belongs to the group Zs = {0, 1,2}. In particular, for n = 2, we
get the Dynnikov alphabet from [4]:

AQ = {a‘07 ay, az, bo; b17 b27 Co, C1, C2, d07 dl) dQ}
The alphabet A,, contains exactly 3(n + 2) letters.
Definition 1.4 (the universal semigroups RSG,, and NSG,,).

(a) Let RSG, be the semigroup generated by the letters of A, and rela-
tions (1.1)—(1.10). Everywhere the integer parameters m,p,q will satisfy the

inequalities
3<m<n, 2<p<’tl 2<q< 2.
dodrdz = 1; (1.1)
bid; = d;b; = 1; (1.2)
a; = Cl7:+1dz'—1, b = a;—1Ci+1, Ci = bv;—1€7:+1, d; = Qi41Ci—1; (1-3)

_ gp—1 p—2 _ 79—2 q—2,
Top—1,i-1 = di_1 (Top—1,idit1)b;_1, T2gi-1 = dj_| (bir1724,idit1)bi 15 (1.4)
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Tap— 100 = ai(wap_1adl e, Y wap_1abi = ai (b wap_1,ibi)ei; (1.5)

di$2q7id371 = ai(dixgq,idgfl)ci, bgilxgq’ibi = ai(bgflmgq’ibi)ci; (16)
(dici)w = w(dici), where w € {Ci+1, bidi+1di7 xm7i+1}; (17)

u € {aib;, b;i1d;d; 1b;, x2p_1,ibi, dixagibi},
uv = vu, where { ! ! et 2030} (1.8)

S {ai+17 bit1, Cit1, bidip1d;, ﬂ?m,7:+1};
(x2p—1,0i)Dp; = Dp_1,i(x2p—1,ib;), where Dy ; = dfdﬁrldf—l(k >1); (1.9)
(diJ?Qq,z’bi)Dq,i = Dq7i(di$2q7ib7). (1.10)

(b) Let us introduce the semigroup NSG,, generated by the letters of A, and
relations (1.1)~(1.8), (1.9') & ibi(d2d3, (d?_1) = @y ibi, 3<m < n, i€ Ls.

(¢) For any set J = {j1,..., i} of integers j; > 3, denote by RSG; the semigroup
generated by the letters {a;, b;,ci,d;, xm,i | ¢ € Zs, m € J} and those rela-
tions (1.1)—(1.10) that contain only these letters. Let the semigroup NSG; be
generated by the same letters and relations (1.1)—(1.8), (1.9") for m € .J.

The semigroups RSG,, and N SG,, are monoids, the empty word () is the identity
element. The generators b; and d; are mutually inverse by (1.2). The generators a;
and ¢; have no inverses in RSG,, and NSG,. A geometric interpretation for the
letters of A,, and relations (1.1)—(1.10) will be given in Sec. 2. One of the relations
in (1.2) is superfluous: it can be obtained from (1.1) and the other relations in (1.2).
Then the total number of relations (1.1)—(1.10) is 3(n? + 7n — 2).

The semigroups RSGy = NSGs generated by 12 letters a;, b, ¢;,d; (i € Zs)
and 48 defining relations (1.1)-(1.3), (1.7)—(1.8), that contain only the letters of Ao,
coincide with the Dynnikov semigroup DS from [5]. The semigroups RSG3 = NSG3
and RSG 4y 2 NSG 4y are generated by 15 letters and 84 relations. Denote by [.J]
the number of elements of a set J = {j1,...,4k}, ji > 3. The semigroups RSG
and NSG are generated by 3(4 + |J|) letters and 3(16 + 11|J| + |J|?) relations.

Definition 1.5 (the automorphisms p,, €, and mirror image of a graph).
(a) Consider the following map on the letters of A,: p(a;) = ¢;, p(b;) = d;,
plei) = ai,  p(di) =bi,  p(r2p-1,) = T2p-1,ibici, p(T24,i) = Tagi-
By the formula p(uv) = p(v)p(u) the map p extends to
the involutive automorphismsp, : RSG, — RSG, and ¢, : NSG,, — NSG,,.

Similarly, define the morphisms p; : RSG; — RSG; and €5 : NSG; —
NSG;.

(b) The mirror image of a spatial graph G C R? is the spatial graph G C R?
reflection symmetric to G.

In Corollaries 1.9 and 1.11 below we shall consider the problem to decide whether
a spatial graph G is isotopic to its mirror image G.
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1.5. Main results

By Theorems 1.6 and 1.7 the isotopy classification of nonoriented spatial graphs
reduces to a pure algebraic word problem in finitely presented semigroups.

Theorem 1.6.

(a) A spatial n-graph G is encoded by an element wg € RSG,,.

(b) Two spatial n-graphs G, H C R?® are rigidly isotopic in R? if and only if the
corresponding elements of the semigroup RSG,, are equal: wg = wyy.

(¢c) An element w € RSG,, encodes a spatial n-graph if and only if the element
w is central, i.e. w commutes with any element of RSG,,. Moreover, there is
an algorithm to decide whether a given element w € RSG,, is central. The
algorithm is linear in the length of the word w.

Theorem 1.6 means that the centre of RSG,, encodes uniquely all spatial n-
graphs up to rigid isotopy in R3. Proposition 5.4 in Sec. 5.2 shows that the whole
semigroup RSG,, describes a wider class of rigid three-page tangles.

Theorem 1.7. The centre of the semigroup NSG,, encodes all spatial n-graphs up
to non-rigid isotopy in R3. There is an algorithm to decide whether a given element
v € NSG,, is central. The algorithm is linear in the length of the word v.

Theorem 1.8. Let {G} be the set of all nonoriented spatial graphs considered up
to homeomorphism f : S3 — S3, which can reverse the orientation of S3. There
exists a complexity function tp : {G} — N with the following properties:
(a) for any k € N, there is a finite number of spatial graphs G with tp(G) = k;
(b) there are well-defined operations on spatial graphs: the disjoint union G U H, a
vertex sum G * H, an edge sum G V H such that
tp(GUH) = tp(GxH) = tp(G)+tp(H)+2 and tp(GVH) = tp(G)+tp(H)+3.

Theorem 1.8 was motivated by Matveev’s complexity for 3-manifolds [12].
Theorems 1.6 and 1.7 imply several algebraic and geometric corollaries.

Corollary 1.9.

(a) Let a spatial graph G be encoded by wg € RSG,,. The graph G is rigidly isotopic
to its mirror image if and only if pp(wa) = we in RSG,.

(b) Let a spatial n-graph G C R? be encoded by vg € NSG,,. The graph G is non-
rigidly isotopic to its mirror image G if and only if €,(vg) = vg in NSG,,.

An element w of a semigroup S is invertible, if w has left and right inverses.
Corollary 1.10.

(a) When 2 < k < n the natural inclusion RSGy, — RSG,, is a monomorphism of
semigroups. The group of the invertible elements of RSG,, coincides with the
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Dynnikov group DG C RSGa, generated by 2 letters:

DG = (z,y | [[=,y],2*y2x?] = [z, 9], v’2zy 2] = [[&, 9], 27"y ] = 1),

where [x,y] = zyr~ 1yt

(b) When 2 < k < n the natural inclusion NSGj, — NSG,, is a monomorphism of
semigroups. The group of the invertible elements of NSG,, coincides with DG.

The commutator subgroup of DG is the braid group By, on infinitely many
strings [5]. The method of three-page embeddings can be applied to J-graphs.

Corollary 1.11.

(a) The centre of the semigroup RSG ; (respectively, NSG ) encodes all spatial J-
graphs up to rigid (respectively, non-rigid) isotopy in R3. There is an algorithm
to decide whether a given element w € RSG; (respectively, v € NSGy) is
central. The algorithm is linear in the length of the given word.

(b) Let a spatial graph G be encoded by we € RSG ; (respectively, by va € NSG j).
The graph G is rigidly (respectively, non-rigidly) isotopic to its mirror image
if and only if pj(wg) = wg in RSG,, (respectively, € 5(vg) = vg in NSGy).

(¢) For any subset K C J, the natural inclusions RSGyx — RSG; and NSGg —
NSGj are monomorphisms of semigroups. The groups of the invertible ele-
ments of the semigroups RSG; and NSG; coincide with the Dynnikov
group DG.

The following corollary extends Brunn’s result on embeddings of links [1].

Corollary 1.12. Any spatial J-graph G C R? is non-rigidly isotopic to a spatial
graph that can be projected to R? with only one singular point.

It is well-known that not any finite graph can be topologically embedded into R2.
What minimal space contains all finite graphs? Theorem 1.6(a) implies

Corollary 1.13. Any finite graph (possibly with hanging edges) can be topologically
embedded into T x I, where T is the cone on three points, I = [0, 1].

1.6. Outline of the paper

In Sec. 2, the generators and relations (1.1)-(1.10) of the semigroup RSG,, are
described in a clear geometric way. Section 2.4 contains a scheme for the proof of
Theorem 1.6. In Sec. 3, the proofs for Theorem 1.6(a) and Corollary 1.13 are given.
Theorems 1.6(b), 1.6(c), 1.7 and Corollaries 1.9-1.12 are proved in Sec. 5.

The hard part of Theorem 1.6(b) is a particular case of Proposition 5.4 proved
in Sec. 5.2. In Sec. 6, we deduce Lemma 5.5 used in the proof of Proposition 5.4.
Section 7 discusses various approaches to the classification of spatial graphs via
three-page embeddings. Theorem 1.8 is proved in Sec. 7.3.
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Fig. 1. The Reidemeister moves for spatial graphs in R3.

2. Geometric Interpretation of Semigroups RSG,, and NSG,,
2.1. Reidemeister mowves for spatial graphs
We start with an analogue of classical Reidemeister theorem for spatial graphs.

Theorem 2.1 [6]. Any spatial graph can be represented by its plane diagram up to
generalized Reidemeister moves R1-R5 in Fig. 1. In the case of non-rigid isotopy,
the move R5' is taken instead of R5.

Subdivisions of edges and edge breaks are omitted. In Fig. 1 dots between two
arcs denote finitely many arcs. Reidemeister moves are local, but two-dimensional.
Theorem 1.6(b) states that moves (1.1)—(1.10) on words in A, also generate any
rigid isotopy of graphs. Moves (1.1)—(1.10) are local and 1-dimensional.

2.2. Geometric interpretation of the alphabet A,,

The alphabet A, was introduced in Definition 1.3. Here the letters of A, will be
associated to particular geometric patterns of three-page embeddings.

Definition 2.2 (the three-page book Y, the axis a, the pages P;).

(a) The three-page book is the product Y = T x I, where T is the cone on three
points and I =& [0, 1] is the oriented segment.

(b) The interval I — OI is homeomorphic to the line R and is said to be the axis .
The set Y — Y is the union Py U P; U P of three half-planes with common
oriented boundary 0Py = 0P, = 0P, = a. The half-planes P; are called the
pages of Y.

In Figs. 2 and 3, every letter of A,, encodes a local embedding into the book Y.
In these figures, the page P, lies above the axis «, the pages P;, P, are below «,
and Ps is below Py, i.e. the arcs in P» are shown in dashed lines.
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In Fig. 2, every letter with the index i € Zs = {0, 1,2} denotes an embedding
of two arcs into the bowed disk P;_1 U P, 1. In Fig. 3, each letter z,, ; encodes an
embedding of a neighborhood of an m-vertex into the same disk P;_1 U P;41.

More exactly, one of the arcs at each (2p — 1)-vertex A lies in P;,_; and points
toward to the positive direction of the axis a. The other arcs at A; lies in P;yq.
Exactly p — 1 of these arcs point toward to the positive direction of «, and another
ones point toward to the negative direction of a.

Similarly, two arcs at every 2¢-vertex As lie in P;_1, one of them points toward
to the positive direction of «, and the other one points toward to the negative
direction of . Also the other 2¢ — 2 arcs at As lie in P;41, exactly ¢ — 1 of them
point toward to the positive direction of «, and the other ones point toward to the
negative direction of a.

The disk P;_1 U P41 does not lie in a plane. Without loss of generality one can
assume that during a rigid isotopy a neighborhood of every vertex lies in such a
bowed disk. Attaching one local picture of Fig. 2 or 3 to another according to the
direction of «, we get a three-page embedding representing a given word w in A,,.
The words agco, aici, azco encode the unknot, i.e. a circle embedded into R2.

2.3. Local isotopy moves in the three-page approach

Relations (1.1)-(1.10) can be performed by rigid isotopies denoted by ~. During
rigid isotopies in Figs. 4-10 neighborhoods of vertices are in bowed disks.

2.4. Scheme for the proof of Theorem 1.6

The formal definition of a three-page embedding of a spatial graph is given in
Sec. 3.1. In Sec. 3.2, a three-page embedding G C Y of a spatial graph G C R3 will
be construsted from a plane diagram of G.

NV AN e NV N VAN NP Noa
N/
& —Y—J\\ APﬂ\f A\ P P
1
bodz doby

dod1ds 1

Fig. 4. Relations (1)—(2) between invertible elements.

Ve Nae \NBAN e AR AN o AR/
~ ag; ~ bo; ~ co; N7 ~ dy
P, B P, P\ //
By
aody a2y bacy 3¢9

Fig. 5. Relations (3) are trivial moves at intersection points.
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dy(x32d) (xabs)dodid] dadod (3,202)

Fig. 6. Relations (4,) and (9) are twistings of arcs at a (2p — 1)-vertex.

(d2934,2b2 ] dgd%d% dgdg d% (dzf'»“ 1,2 bz)

Fig. 7. Relations (44) and (10) are twistings of arcs at a 2g-vertex.

VYNV o \ A\

5‘:3,20‘:2 [15] (Sﬂs,zdfz)cz 52.'33,252 02(5233‘3,252}62

Fig. 8. Relations (5) are rotatings of arcs at a (2p — 1)-vertex.

WNONAN 2\ ANANN @ o \ IANIAN @
d2£4,2d2 a2(d2$4,2d2)89 bz%;zbﬁ aﬁ(bzh,abz)ﬂz

Fig. 9. Relations (6) are rotatings of arcs at a 2¢g-vertex.

RVR RN AW RN RN

daca blcbdlbfz I3, aba a4 252

Fig. 10. These elements commute with ag, b, co, badod2, Zym 0 in (1.7)—(1.8).

Theorem 1.6(a) will be proved in Sec. 3.3, where the constructed three-page
embedding G C Y is encoded by a word in the alphabet A,,.

The hard part of Theorem 1.6(b) is that any rigid isotopy of spatial n-graphs
decomposes into elementary moves (1.1)—(1.10). For the proof of Theorem 1.6(b),
the notions of graph tangles and three-page tangles are introduced in Sec. 4. The
semigroup RGT,, of all rigid graph tangles will be described by generators and
defining relations (4.1)—(4.13), see Lemma 4.4 in Sec. 4.2.
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Every three-page embedding of a graph can be transformed to an almost bal-
anced tangle, which is a particular three-page tangle. The semigroup RBT,, of
almost balanced tangles is turned out to be isomorphic to RGT,, see Lemma 5.3
in Sec. 5.1. The isomorphism ¢ : RGT, — RBT, maps relations (4.1)-(4.13) to
relations ¢(4.1)—¢(4.13) between words in the alphabet A,,.

Any three-page embedding of a graph can be represented by a graph tangle
of RGT,,. By Lemma 4.4 any isotopy between three-page embeddings of graphs
decomposes into moves (4.1)—(4.13) between graph tangles, and hence into simple
isotopies p(4.1)—p(4.13) between almost balanced tangles.

So, it remains to deduce relations ¢(4.1)-p(4.13) of RBT,, from relations (1.1)—
(1.10) of RSG,,. This is Lemma 5.5, which will be checked in Sec. 6. Theorem 1.6
(¢) is proved in Sec. 5.3 by using knot-like three-page tangles.

3. Three-Page Embeddings of Spatial Graphs
3.1. The definition of a three-page embedding

Let G be a finite graph, A € G be its point. Any small segment v C G with endpoint
A € G is an arc of G. There are exactly k arcs at each k-vertex of G.

Definition 3.1 (a three-page embedding of a spatial graph). Suppose that
a spatial graph G’ C R is contained in the three-page book Y C R3. The embedding
G C Y is called a three-page embedding, if

(a) all vertices of the graph G lie in the axis «, see Fig. 11;

(b) the intersection G Na = Ay U--- U Ay, is a non-empty finite set of points;
c) the arcs at each 2-vertex A; € G N« lie in different pages P;, P; (i # j);
(d) balance: neighborhoods of vertices in G look like pictures of Fig. 3.

Since the arcs lying in a page P; are not intersected, then by isotopy inside Y
we may secure the following condition, which will be always assumed:

(e) monotonicity: for each i € Zs, the restriction of the orthogonal projection
Y — « to each connected component of the intersection G N P; is a monotonic
function.

3.2. Construction of a three-page embedding from a plane diagram

Let D be a plane diagram of a spatial graph G’ C R3. Formally, D C R? is a plane
graph with vertices of two types: ones correspond to initial vertices of G and the
others represent usual crossings in a planar projection of the spatial graph G.

Definition 3.2 (bridges, upper and lower arcs of a plane diagram). Let
us choose following bridges and arcs in a plane diagram D.

(a) For each crossing of the plane diagram D, let us mark a small arc (a regular
bridge) in the overcrossing arc. See the left pictures of Figs. 11 and 12.
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Fig. 11.  The spatial graph G is encoded by the word wg = apa1badix4,1d2c1c2.

Fig. 12.  The spatial graph G is encoded by wg = a123,1d2a1b2boc1dox3,1d2b2c1.

For every 2¢-vertex B € G, let us call two neighboring arcs at B upper arcs and
call the other 2¢g — 2 arcs at B lower arcs. Mark a small segment (a singular
bridge Lp) containing B such that the upper arcs are separated from the lower
arcs by the bridge Lp in a neighborhood of B. See the left picture of Fig. 11.

For every (2p — 1)-vertex C' € G, let us call one arc at C' an upper arc and call
the other 2p — 2 arcs at C' lower arcs. Then mark a small segment (a singular
bridge L¢) containing C' such that the upper arc is separated from the lower
arcs by the bridge L¢ in a neighborhood of C'. See the left picture of Fig. 12.

In the plane of D choose a non-self-intersecting oriented path a with the fol-

lowing properties.

(i)
(i)
(i)

)

(iv

(v)

(vi)

The ends of the path « lie far from the diagram D.

The path a goes through each bridge only once.

The path « intersects transversally the diagram D outside the bridges.

For every vertex A € G, the upper arcs at A lie to the left of a. The lower arcs
at A lie to the right of a. See the left pictures of Figs. 11 and 12.

For every 2¢g-vertex B € (G, an upper arc and exactly ¢ — 1 lower arcs at B
meet the oriented path a to the left of B. Similarly, another upper arc and the
other ¢ — 1 lower arcs at B meet « to the right of B. See the left picture of
Fig. 11.

The upper arc and p — 1 lower arcs at each (2p — 1)-vertex C' meet « to the
right of C. The other p — 1 arcs at C meet « to the left of C. See Fig. 12.

Such a path a can be found as follows. Let us consider the bridges of D, i.e.

finitely many arcs in the plane of D. Draw an arbitrary path « through the bridges
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according to conditions (i), (ii) and (iv). Condition (iii) will hold, if the path « is
made to be in general position with respect to the diagram D.

Assume that condition (vi) does not hold for a (2p — 1)-vertex C'. For instance,
let the upper arc v at C meet « to the left of C. Slightly perturb the path « to the
right of C' by a move similar to R2 in Fig. 1 in such a way that the upper arc meets
a to the right of C, see the left puicture of Fig. 12. We deal with condition (v)
similarly. Deform D in such a way that o becomes a line segment and

(vii) the restriction of the orthogonal projection R?> — a ~ R to each connected
component of D — « is a monotone function.

Denote by Py (respectively, P») the upper part (respectively, the lower part) of
R? — q, see the right pictures of Figs. 11 and 12. Let us attach the third page P at
the axis a and push out the regular bridges into P; in such a way that each regular
bridge becomes a trivial arc (two line segments).

Conditions (a)—(c) of Definition 3.1 hold by the construction. Conditions (iv)—
(vii) of this subsection imply condition (d).

3.3. Encoding of a three-page embeddings
Here we encode a three-page embedding and simultaneously prove Theorem 1.6(a).

Proof of Theorem 1.6(a). Take a plane diagram D of a given spatial graph G.
Starting with D construct a three-page embedding G C Y as in Sec. 3.2.

An arbitrary three-page embedding is uniquely determined by its small part
near the axis a. Indeed, in order to reconstruct the whole embedding it suffices to
join all opposite-directed arcs in each page starting with innermost arcs.

Due to conditions (c¢)—(e) of Definition 3.1, only the patterns in Figs. 2 and 3
may occur in a three-page embedding near the axis a. Denote by W,, the set of all
words in the alphabet A, including the empty word ). For the three-page embedding
G C Y, let us write one by one the letters of A,, corresponding to the intersection
points of G N a. One gets a word wg € W,,, see Figs. 11 and 12.

Finally, consider the word wg as an element of RSG,,. Note that one can rotate
any three-page embedding around the axis a. Then each spatial graph G is repre-
sented by at least three words obtained from w¢g by the index map i +— i+ 1. O

Proof of Corollary 1.13. Draw a given graph G (possibly with hanging edges)
in R? in such a way that its edges are intersected in double points only. Near each
double point push exactly one arc out of R?. For the obtained spatial graph G’ C R3,
let us construct a three-page embedding G C Y as in Sec. 3.2. O

3.4. Balanced words in the alphabet A,

The encoding procedure from Sec. 3.2 cannot give all words of W,,.
Briefly, a word w € W, is called balanced, if it encodes a three-page embedding
of a spatial graph. There exists the following geometric criterion for a balanced
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word: “in each page P; all the arcs have to be joined to one another”. Arcs in
an unbalanced three-page embedding can recede to infinity without meeting one
another. One can restate this criterion algebraically in terms of the alphabet A,,.

Definition 3.3 (balanced bracket expressions).

(a) An expression containing left and right round brackets is a bracket expression.

(b) A bracket expression 3 is called balanced, if (by reading 3 from left to right) in
each place the number of the left brackets is not less than the number of the
right ones, and their total numbers are equal.

Definition 3.4 (balanced words in the alphabet A,).

(a) Let us consider the following substitution
a;i, b, ¢, di, Tmi — D, Git1, bi—1, di-l—l; T2p—1,i—1 — (; bi—i—l; Cit1, di—1 —>)§
Togir1 —)(; Tagio1 —) Y wop 1441 —)P NPT, where (Y= j brackets (.

Asusual,wehavez’623,3§m§n,2§p§”7+1 and 2 < ¢ < % Denote by
Bi(w) the resulting expression after the above substitution into a word w € W,,.
(b) A word w is called i-balanced, if the bracket expression [;(w) is balanced.
(¢) A word w is said to be balanced, if it is i-balanced for each i € Zs.

So, a word w is balanced if and only if all three bracket expressions 3;(w) are
balanced. For example, the word w in Fig. 11 is balanced and provides

Bo(w) = ((00)),  Bi(w) =00, Bz(w) = (0)0-

Denote by W, ; the set of all i-balanced words in A,,. Definition 3.4 implies
that there is an algorithm to decide whether a word w is balanced. The algorithm
computes the differences of the left and right brackets by reading ;(w) from left
to right and has a linear complexity in the length of w.

The intersection Wy, o N W, 1 N Wy, 2 is the set of all balanced words in A,.
Lemma 5.7 will show that this set encodes the centres of RSG,, and NSG,,.

4. Graph Tangles and Three-Page Tangles
4.1. Graph tangles

The category of tangles without vertices was studied by Turaev [16]. Let us take
two horizontal half-lines given by coordinates: (r,0,0) and (r,0, 1), » € Ry. For all
k € N, let us mark the points (k,0,0), (k,0,1) on these half-lines.

Definition 4.1 (rigid graph tangles). Let I' be a nonoriented disconnected
infinite graph with vertices of degree < n. A graph tangle is a subset of the
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3-dimensional layer {0 < z < 1}, homeomorphic to I', such that the following
conditions hold (see Fig. 13)

(a) the set of the 1-vertices of T' coincides with the set of the marked points
{(k,0,0), (k,0,1) | k € N};

(b) the connected components of I" lying sufficiently far from the origin 0 € R? are
the line segments joining points (k,0,0) and (j,0,1) such that the difference
k — j is constant for all large j;

(¢) a neighborhood of each vertex A € T lies in a plane or in a bowed disk.

If an isotopy of graph tangles inside {0 < z < 1} keeps condition (c), then the
corresponding isotopy classes of graph tangles are rigid graph tangles.

Graph tangles are represented by their plane diagrams similarly to spatial
graphs. The product T'y x I's of two graph tangles is the graph tangle obtained
by attaching the top half-line of I'y to the bottom half-line of I'y and then by
contracting the new layer {0 < z < 2} to the initial one.

The rigid isotopy classes of graph tangles form a semigroup RGT,,. The unit
graph tangle 1 € RGT, consists of the vertical line segments joining the points
(k,0,0) and (k,0,1), k € N. Let us consider the rigid graph tangles in Fig. 13:

T = {&ky My Oks 055 Ak | k> 1, 3<m <n}.

For any k € N, the tangle ni& is the unknot added to the unit 1 € RGT,.

4.2. The semigroup RGT,, of rigid graph tangles

We work in the PL-category, i.e. graph tangles consist of finite polygonal lines.

Definition 4.2. (the graph I';., the extremal points and peculiarities
of T'y.).

(a) Denote by T',, the image of a graph tangle ' C {0 < z < 1} under the
projection to the xz-plane, see Fig. 13.

(b) The extremal points of Ty, are the images under the zz-projection of local
maxima and minima of the z-coordinate on the interiors of the edges of I'.

(¢) The images on the xz-plane of the vertices of I' (except the 1-vertices), the
crossings and extremal points of ', are called the peculiarities of T'.

U TR DAL IXT I X

Fig. 13. The generators for the graph tangles.
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Each tangle in Fig. 13 has exactly one peculiarity. The tangles &, and 7 have
an extremal point, o5 and 0;1 have a crossing, A, ; contains an m-vertex.

Definition 4.3 (graphs I';. in general position). Let us say that a graph I',,
is in general position on the zz-plane, if the following conditions hold (see Fig. 13):

the graph I';, has finitely many peculiarities;
each crossing is not an extremal point;

for every (2p — 1)-vertex C' € T',,, exactly p — 1 arcs at endpoint C' go up, i.e.

these p — 1 arcs point toward to the negative direction of the z-axis, the other

p arcs at endpoint C' go down;

for each 2¢-vertex B € I'y,, exactly ¢ arcs at endpoint B go up, the other ¢

arcs at enpoint B go down;
no two peculiarities lie in a horizontal line parallel to the z-axis.

Lemma 4.4 extends Turaev’s results [16] to graph tangles.

Lemma 4.4. The semigroup RGT,, is generated by the letters of Ty, and defining
relations (4.1)~(4.13), where k > 1,3<m <n,2<p<2H 2<q¢< 2.

& = G428k S = mt28k, §kol = 01428k, EkAmil = Ama2&e s(L > k);

M€t = -2k, MM ="—2Mks MeOL = T1—2Mks MeAm,i = Am,i—2Mk (1 > k+2);

ok = &0k, O = MOk, OkROL = 010k,  OkAmi = Am,i0k (1> k+2);

Aop— 188 = §—1A2p—1.k,  A2p—1,k01 = O1—1A2p—1 k)

Aop— 1kl = M—1A2p—1,k, A2p—1,kAm,i = Ami—1A2p—1,6 (I > k+p),
A2g k€l = §ag ke, A2¢.k01 = 01 \2q. k)

A2g kM = MA2q ks A2g.kAm, i = AmiA2qk (1> Fk+q);

Me+18k = 1 = Nekt1;
—1 .
Met20k+18k = 0 = MeOk41Ek+2;
NMitp—122p—1,k+15k = A2p— 1k = Mk A2p—1,k+15k+p;
Mt qA2q,k+15k = A2g,k = MkA2q,k+1Ek+q5
Neok = N, Ok = &ks
Ukalgl =1= U,;lak;
OkOk+10k = Ok+10k0k+1;

A2p 1kt 12k,p = Dkp-1A2p—1,ks  A2p—1,kSk,p = Bkp-1A2p—1,k+1,
A2q,k+12k,g = Lk,qA2q,k 5 A2,k Bk,q = Bk,qA2¢,k+15

where Xg | = Ok0k41 - Okgl—1, 2kl = Okti—1-" Okr10% ({ > 1);

(4.1)
(4.2)
(4.3)
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A2p—1k2% 1 = D poNop—1ky  A2q kD g1 = Dk g_1A2q,k, Where } (4.13)

/ _ r . _—1 —1 —1 —1_—1 —1
Zk,o =1, Zk,l = Uk+z—1(‘7k+z—2‘7k+z—1) (o, Oky1 " 'Uk+l—1)’ I =1

Proof. Let I' C {0 < z < 1} be a graph tangle. The graph I';. can be moved to
general position on the xz-plane by a slight deformation. Then the xz-plane splits
by horizontal lines into strips each of that contains exactly one peculiarity of I';..

Consider the peculiarities of I',, in succession from top to bottom one by one.
Write the corresponding generators in Fig. 13 from left to right. We get a word up
in the alphabet T,,. The generators &, 1, represent extremal points; oy, 0;1 denote
overcrossings and undercrossings; the letter A, , corresponds to an m-vertex.

It suffices to prove that any rigid isotopy of graph tangles decomposes into
elementary isotopies (4.1)—(4.13). By [6, Theorem 2.1] and consideration relating
to the general position an arbitrary rigid isotopy of graph tangles decomposes into
the following moves:

(i) an isotopy in the class of diagrams in general position;
(i

(iii

an isotopy interchanging the vertical positons of two peculiarities;
creation or annihilation of a pair of neighbouring extremal points;

)
)
(iv) an isotopy of a crossing or of a vertex near an extremal point;
(v) Reidemeister moves R1 — R5 in Fig. 1.

The type (i) isotopies preserve the constructed word ur in T,,.

The type (ii) isotopies are described by relations (4.1) — (4.4).
The type (iii) isotopies correspond to relations (4.5).

In [16, proof of Lemma 3.4], it was shown that all isotopies of a crossing near
an extremal point decompose geometrically into relations (4.6). Similarly, one can
check that relations (4.7)—(4.8) are sufficient to realize the type (iv) isotopies.

Reidemeister moves R1-R5 correspond to relations (4.9)—(4.13), respectively.

O

4.3. Three-page tangles

Let us consider three half-lines that have a common endpoint in the horizontal
plane {z = 0}. For example, let

Y={z>0,y=2=0U{y>0,2=2=0}U{r<0,y=2=0} C {z=0}.
Mark the integer points on the half-lines:
{(4,0,0), (0, k,0), (—1,0,0) | j, k,1 € N}.
Let I C R? be the line segment joining (0,0,0) and (0,0, 1). Put (see Fig. 14):
Pp={x>0,y=2=0}x1I, P={y>0,z=2=0}x1,

P,={x>0,y=2=0}x1I.
Then Y x I is the three-page book with the pages P;, see Definition 2.2.
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0 T 0 T 0 T 0 x
T T -
5 < P B ' < \ By P2|<)/ B Py f
i i Bk < i
B4, Bl P . & P Fo
1 1vz
_ _ 1+2
p(&1) = daca p(m) = azby (00) = bydadibs 0(%s1) = Taabs
0 T T

Z
P A1) = daza by #(As,1) = 5200 d(As,1) = daxs by

Fig. 14. The three-page tangles associated to the graph tangles from Tg.

Definition 4.5 (rigid three-page tangles). Let T' be a nonoriented discon-
nected infinite graph with vertices of degree < n. A graph tangle is a subset Y x I,
homeomorphic to I', such that

(a) the set of the 1-vertices of T coincides with the set of the marked points
{(]a 07 0)7 (.77 07 1)7 (07 k7 0)7 (07 ka 1)7 (_ly 07 0)7 (_l7 07 1) | .j7 kal S N}7

all vertices of degree > 3 lie in the segment I, see Fig. 14;

)

)
d) the arcs at each 2-vertex A; € I' N T lie in different pages P;, P; (1 # j);

) balance: neighborhoods of vertices A; € I' N« look like patterns in Fig. 3;

) monotonicitiy: for any i € Zg, the restriction of the orthogonal projection
Y x I — I to each connected component of I' N P; is a monotone function;
(g) for each i € Zs, all connected components of I' lying in the page P; sufficiently

far from the origin 0 € R? are parallel line segments.

If three-page tangles are considered up to rigid (respectively, non-rigid) isotopy
in the layer {0 < z < 1}, then they are called rigid (respectively, non-rigid). O

The reader may compare Definition 4.5 with Definitions 2.2 and 4.1.

The rigid isotopy classes of three-page tangles with vertices of degree < n form
a semigroup. Proposition 5.4 will show that this semigroup is isomorphic to RSG,,.
Any three-page tangle I' € {0 < z < 1} can be encoded by a word wr in the
alphabet A,, (see Figs. 2 and 3) in the same way as in Sec. 2.3.
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5. Proof of Main Results

Theorems 1.6(b) and 1.6(c) will be proved in Secs. 5.2 and 5.3, respectively. Corol-
laries 1.9(a) and 1.10(a) will be checked at the end of Sec. 5.3. Section 5.4 is devoted
to the proofs of Corollaries 1.9(b), 1.10(b), 1.11 and 1.12.

5.1. The semigroup RBT, of almost balanced tangles

We are going to select almost balanced tangles among three-page tangles. The
semigroup RBT,, of rigid almost balanced tangles will turn out to be isomorphic
to the semigroup RGT,, of rigid graph tangles.

Definition 5.1 (almost balanced tangles up to rigid isotopy).

(a) A three-page tangle T' C Y x I is called almost balanced, if the corresponding
word wr in A, is simultaneously 1-balanced and 2-balanced. Equivalently, one
can assume that the marked points lying in P, P, are joined in an almost
balanced tangle by vertical line segments parallel to the z-axis.

(b) An isotopy of a tangle inside the layer {0 < z < 1} is said to be rigid, if
a neighborhood of each vertex lies in a plane or in a bowed disk. Denote by
RBT, the semigroup of the rigid isotopy classes of almost balanced tangles.

Any graph tangle in the sense of Definition 4.1 can be embedded into Y x I
in such a way that its l-vertices lie in the half-lines {x > 0,y = z = 0} and
{r > 0,y = 0,z = 1}. Then we may add two infinite families of vertical line
segments in P;, P» and get an almost balanced tangle.

Since graph tangles and three-page tangles are defined up to rigid isotopy in the
layer {0 < z < 1}, then there is a non-canonical homomorphism RGT,, — RBT,.

Definition 5.2 (the isomorphism ¢ : RGT,, — RBT,, of semigroups).
Let us take the map ¢ : RGT,, — RBT,, defined on the generators of the semigroup
RGT, as follows (k € N, see Fig. 14):

p(&r) = dseabs ™", p(ok) = ds 'bidadi by, p(Agp-1 k) = d’glxzp—l,zb’s,}
o(nk) = ds axbh, (op ) = d5bibadibh !, (Nagk) = dbwag bk,
(5.1)

Lemma 5.3. The map ¢ is a well-defined isomorphism of semigroups.

Proof. Let us show that rigidly isotopic graph tangles go to rigidly isotopic three-
page tangles under the map . By Definitions 4.5 and 5.1 tangles in the semigroups
RGT,, and RBT,, are considered up to rigid isotopy in {0 < z < 1}. Therefore, the
map ¢ is a well-defined monomorphism of semigroups.

Let us construct the inverse map v : RBT,, — RGT,,. To each almost balanced
tangle I' € RBT,, associate the graph tangle ¥(I") € RGT,, given by the diagram
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constructed as follows. According to the property of being almost balanced, we
assume that all line segments of I' lying in the pages P;, P> are vertical.

Deleting these vertical line segments from I' we obtain a graph tangle ¢ (I") in
the sense of Definition 4.1. The composition ¥ o ¢ : RGT,, — RGT, is identical on
the generators of RGT,,, see Fig. 14. So, ¢ and @ are mutually inverse. |

Denote by ¢(4.1) — p(4.13) the relations between words in the alphabet A,
which are obtained from relations (4.1)—(4.13) of the semigroup RGT,, under the
isomorphism ¢ : RGT,, — RBT,, defined by formulae (5.1).

5.2. The hard part of Theorem 1.6(b)

If two words u,v € W, represent the same element of the semigroup RSG,,, then
call them equivalent and denote by u ~ v. Theorem 1.6(b) is a particular case of
Proposition 5.4 below. Actually, any spatial graph can be represented by a three-
page tangle encoded by a balanced word. If two balanced three-page tangles are
rigidly isotopic, then the corresponding words are equal by Proposition 5.4.

Proposition 5.4. The semigroup of the rigid isotopy classes of three-page tangles
is isomorphic to the semigroup RSG,,.

Proof. As was mentioned at the end of Sec. 4.3, to each three-page tangle one can
associated a word w in the alphabet A, and hence an element of RSG,,. Conversely,
each element w € RSG,, can be completed to form a three-page tangle by adding
three families of parallel line segments on each page P;, i € Zs.

Indeed, let us draw local three-page embeddings (see Figs. 2 and 3) representing
the letters of the word w. Then extend all arcs until some of them meet one another
and the other arcs come to the boundary of Y x I.

For every page P;, let us consider the arcs coming to the half-lines P, N {z = 0}
and P, N {z = 1}. We may assume that these arcs end the points marked by
1,2,...,m; (say) and 1,2,...,m,, respectively. In the page P;, consider the points
marked by n; + k and m; + k for all k£ € N. Join the points marked by n; 4+ k and
m; + k by adding infinitely many parallel line segments lying in the page P;. We
get a three-page tangle I'(w) in the sense of Definition 4.5. For example, Fig. 14
shows the three-page tangles corresponding to the following elements of RSG,,:

daca, agbz, bidadiby, x32b2, dawsba, w52b2, doxe2bo.

Relations (1.1)—(1.10) of the semigroup RSG,, can be realized easily by rigid
isotopies inside {0 < z < 1}, see Figs. 4-10. It remains to prove that any rigid
isotopy of three-page tangles can be decomposed into the elementary isotopies cor-
responding to (1.1)—(1.10). It suffices to do this for almost balanced tangles.

Actually, take a three-page tangle I' associated to a word wr. Consider the
marked points lying in Py N {z = 0} and P; N {z = 1} that are joined in I" with
points in I. Let ny; and m; be the maximal indices of the above points lying in
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Pin{z=0} and Py N{z = 1}, respectively. Let ny and mqy be the maximal indices
of the similar marked points lying in PoN{z = 0} and PoN{z = 1}, respectively. The
letters ag and by have ny =ne =0,my =mo =1 and ny = mo =0,m1 = ny = 1,
respectively. The numbers n;, m; defined here are the same as above.

For all almost balanced tangle, we have ny = m; = ny = me = 0. The word
b2 dytwby 't di*? is 1-balanced and 2-balanced. Due to the invertibility of the gen-
erators b; and d; such a transformation send equivalent words to equivalent ones.

By Lemma 5.3 to each almost balanced tangle of RBT,, one can associate a
graph tangle in the sense of Definition 4.1. For such tangles, any rigid isotopy is
already decomposed into relations ¢(4.1)-¢(4.13) in Lemma 4.4. Then Proposi-
tion 5.4 follows from Lemma 5.5, which will be checked in Sec. 6.3. O

Lemma 5.5. Relations p(4.1)—p(4.13) follow from relations (1.1)—(1.10).

5.3. Remaining results in the rigid case

Due to Proposition 5.4 one can identify each element w € RSG,, with the corre-
sponding three-page tangle T'(w).

Definition 5.6. (the identity three-page tangle, knot-like three-
tangles).

(a) The identity three-page tangle I'(1) consists of the parallel line segments joining
marked points with same indices in every page P;.

(b) A three-page tangle is called knot-like, if it contains a spatial graph added to
the identity tangle T'(1). So, a knot-like tangle is encoded by a balanced word.

Theorem 1.6(c) follows from Lemma 5.7 stating that all balanced words encode
all central elements of RSG,,. The algorithm to decide whether an element of RSG,,
is balanced (or, equivalently, central) was discussed in Sec. 3.4.

Lemma 5.7. An element w € RSG,, encodes a knot-like three-page tangle T'(w) if
and only if the element w is central in the semigroup RSG,,.

Proof. The part only if is geometrically evident: a spatial graph can be moved
by a rigid isotopy to any place in a given tangle. Therefore, a balanced element
commutes with any other element by Proposition 5.4.

For the part if, let w be a central element in RSG,,. Suppose that the associated
three-page tangle I'(w) has an arc receding, in the page Py (say), to the left bound-
ary of Py. The same arc exists in the tangle I'(waq), but not in I'(a;w), because
the pattern encoded by a7 in Fig. 2 turns this arc from left to right.

Hence, the elements wa; and a;w can not be equal in RSG,,, that is a contra-
diction. Then the word w is 0-balanced, similarly w is 1-balanced and 2-balanced.
So, the word w is balanced and the three-page tangle I'(w) is knot-like. O
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Proof of Corollary 1.9(a). If a spatial graph G is encoded by a word wg,
then its mirror image G is encoded by p,(wg). So, Corollary 1.9a follows from
Theorem 1.6(b). |

Proof of Corollary 1.10(a). Any element of the Dynnikov group DG C DS =
RSG>; € RSG, is invertible. Conversely, if an element w € RSG,, is invertible,
then by Proposition 5.4 the corresponding three-page tangle I'(w) can not contain
vertices of degree > 3. Indeed, relations (1.1)—(1.10) preserve the number of the
m-vertices of I'(w) or, equivalently, the number of the letters ©m, 0, Tm,1, Tm,2 In w.

Hence, only the letters a;, b;, ¢;, d; may occur in w, i.e. w € RSGy = DS. But
the group of the invertible elements of DS is the group DG [5], i.e. w € DG. |

5.4. Non-rigid spatial graphs and spatial J-graphs

Here the method of three-page embeddings will be extended to non-rigid spatial
graphs and spatial J-graphs.

Proof of Theorem 1.7. The proof is similar to that of Theorem 1.6. Replace (1.9)—
(1.10) by

T ibi(dFd3 1 d7 1) = T ibi,  where 3 <m < n, i € Zs. (1.9

Let us point out key moments. The non-rigid isotopy classes of graph tangles in
{0 < z <1} form the semigroup NGT,,. As in Lemma 4.4 the semigroup NGT,, is
generated by the letters of the alphabet T,,, defining relations (4.1)—(4.12) and

Am.kOk = Am.k, where 3<m <mn, keN. (4.13")

New relations (4.13') correspond to Reidemeister move R5’, which switches two arcs
at an m-vertex in Fig. 1. The non-rigid isotopy classes of almost balanced tangles
in {0 < z <1} form the semigroup N BT,, isomorphic to NGT,,. The isomorphism
¢ : NGT,, — NBT, is defined also by formulae (5.1).

The non-rigid isotopy classes of three-page tangles in {0 < z < 1} form the
semigroup isomorphic to NSG,,, see Proposition 5.4 in Sec. 5.2. Actually, rela-
tions p(4.1)—p(4.12) of NBT, follow from relations (1.1)-(1.8) of NSG,, see the
proof of Lemma 5.5 in Sec. 6.3. New relations ¢(4.13") reduce to (1.9") (the case of
a 2g-vertex is completely similar to the case of a (2p — 1)-vertex):

(5.1) ) (1.2),(1.1)

()\Qp 1 kak ) (dk 133‘21) 1 ng)(dgblbgdlbk !
1.2),(1.1 12 _
2y 5™ wop1,2(dado) (dody )dy b5 i~ d5 ™ (w2p—1,2b2) (d3d3d3)b5 ™
1.9/ 5.1 1
( )dk 1(1'21) 12b2)bk 1 ( ) (}\21) 1 k) 0
Corollaries 1.9(b) and 1.10(b) are verified absolutely analogously to Corollar-
ies 1.9(a) and 1.10(a), respectively. The proof of Corollary 1.11 is contained in the
proofs of the results for n-graphs: the condition 3 < m < n should be replaced by
m e J.
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Proof of Corollary 1.12. Take a three-page embedding G C Y. Let k; be the
number of the arcs of G N P;. Split the page P; into k; pages. Let us move the arcs
of GN P; to these new pages in such a way that each page contains exactly one arc.

Consider a plane R? orthogonal to the axis a. Slightly deform the above arcs
of G in R3 in such a way that their images under the projection R? — R? along «
become nonintersecting loops. This is a desired projection. O

6. Proof of Lemma 5.5

In Lemma 6.1 new word equivalences are deduced from relations (1.1)—(1.8) of the
semigroup RSG,,. Lemmas 6.1, 6.2, 6.5, 6.6 will imply Lemma 6.7 on a decomposi-
tion of an i-balanced word. Relations ¢(4.1)-¢(4.13) reduce to relations (1.1)—(1.10)
by Lemmas 6.7 and 6.8. Section 6.3 finishes the proof of Lemma 5.5 by exploiting
Lemmas 6.8-6.10. All relations in this section will be verified formally, but they
have a clear interpretation as well as relations (1.1)—(1.10) in Figs. 4-10.

6.1. New word equivalences in the semigroup RSG,,
Let n > 2 be fixed. The commutativity uv ~ vu is denoted briefly by u < v.
Lemma 6.1. Relations (1.1)~(1.8) imply the following ones (where i € Zs and

w; € By = {ai, by, ¢i, di, Ty, bic1bidi—1, bi—adidi—1 |3<m <n}):

bi ~dit1di—1 or by~ dida, by ~ dado, by ~ dody; (6.1)
d; ~ bz’—lbz’-l—l or dg ~ baby, di ~ boba, da ~ biby; (6-2)
dit1bi—1 ~bi—1dipati, bixidi—i ~t;di—1bit1, where t; =biy1di_1dit1bi—1; (6.3)
a; ~ a;—1bit1, ¢~ dip1ci1; (6.4)

aiby ~ a;—1di—1, dic; ~ bi_1¢i—1; (6.5)

bi ~ aibici, di ~ aidici; (6.6)

W gy 1 i dP T ~ oy 1 ig1bina; (6.7)
df71$2p—1,i+1bi+1bf ~ Top_1,ibs; (6.8)

Togitl ~ di_lb3_2x2q,id§’_2m_1; (6.9)

b wagid! T ~ di12agipabisas (6.10)

dic; < Wiy1; (6.11)

bici < wi—1; (6.12)

aib; < wig1; (6.13)

a;d; < w;_1; (6.14)
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ti,ty < w;,  where t; = bip1d;—1div1bi—1, t; = di_1biv1bi—1dii1; (6.15)
Top—1,ibi < Wiy1; (6.16)

diT2q,ibi < Wit1; (6.17)

W oy 1 4d T o wia; (6.18)

df,_llxzp—l,ibibf,1 W (6.19)

b3 o id? T o wiy; (6.20)

dip1biqwidi—1bip1 ~ bi_1di1wibipdi—q; (6.21)

b7 yaid; ) ~ (bi—vaidi—1)d; (bi—1bid;_1)bi; (6.22)

b7 1bid? ) ~ (bi—1bidi1)d; (bi—1bidi—1)bs; (6.23)

b7 yeid; ) ~ di(bi1didi1)b7 (bi—1cidi1); (6.24)

b7y did_y ~ di(bi—1did;—1)b} (bi-1didi—1); (6.25)

b2y wop-1,idi i ~ (bi—1didi—1)d;wap—1 b2 (bi—1bidi—1) (b7 did7_,); (6.26)
b2 wogidi g ~ (b7 bid?_ ) (bi—1didi—1)d? 204,07 (bi—1bidi—1)(b7_1d;d?_). (6.27)

Proof. (6.1)-(6.3) follow from (1.1) and (1.2). Due to (1.2) we have d; ~ b; ",
bi—lbidi—l ~ (bi_ldidi_l)_l and t; ~ ti_l. Then (613) and (615)7(617) follow
from (1.8). The other equivalences will be verified step by step exploiting the already
checked ones. Since i € Z3 = {0,1,2}, we have (i+1)+1=4—1and (i—1)—1 = i+1.

aimibir % (@idie)bisn W i direios W i) e (6.4)
aib; & (ai—1bit1)b; O e dia, dic €2 (bi—1bit1)ci G2 bi—1ci—1;  (6.5)
a;bic; €2 ai(dit1¢i+1) 0P i—1Cit1 S bi, (6.6)

aidic; % ai(bi-1¢i-1) % ai+1Ci—1 i~ d;; '
bf_lafzp_ud?_l (1 4) bp 1(dp 1322,, Lieidi 1bp Z)dp 1 (k?) .

(2 Top—1,it1(di—1d;) D ZTop—1,i+1bit1; '
A Moy 1 ggabi )W O gy 1 gd? O D w1k (6.8)
di_lb?_szq,idg_Qbi_l 0D (6.9)

0 di 1 b7 (dY by @ag i1 di 102 by 02 T2q,i11; .
b g id! o b (dI b wag i1 die 1bq_2)dq_1 G2 (6.10)

6D (6.2

(bibz‘—l)ﬂ?zq,i+1(di—1d> bib;— 1)$2q,z+1bz+1 ~ dz+1ﬂ?2q 7,+1b1+1



J. Knot Theory Ramifications 2007.16:59-102. Downloaded from www.worldscientific.com
by UNIVERSITY OF DURHAM on 01/07/14. For persona use only.

Three-Page Encoding and Complexity Theory for Spatial Graphs 83

Below in the proof of (6.11) we commute firstly b; 1 with d;c; and after that we
use this equivalence to commute a;4; with d;c;.

6.6 1.7 6.2
bz’-{—l(dici) (N) (ai+1bi+1ci+1)(dici) (N) ai+1bi+1(dici)ci+1 (N)
6.2 1.3 1.8
(N) ai—l—lbi—l—l(bi—lbi-l—l)cici—i-l (N) (ai+1bi+1)bi—1ci—1ci+1 (N)

1.8 6.6 1.3
SS2 bi—1ci—1(air1bit1)cita ¢ bi—1ci—1bit1 0

(1:3) bi—1(biy1¢i)bit1 2 (dici)biy1;

(6.11b)

ai-i—l(dici) (1’3) (ai—ldi)(dici) (%) ai—l(bi—lbi-i-l)(dici)

¢ a;—1b;—1(dici)bit1 €L (dici)(@i—1bi—1)bit1 2 (6.11a)

€2 (dici)(ai—1d;) i~ (dici)aiy1.

(6.11b)

The remaining equivalences in (6.11) follow from (6.11a), (6.11b) and (1.7).
Equivalences (6.12) are easily proved by (6.5) and (6.11), as well as (6.14) by (6.5)
and (6.13), as well as (6.18) by (6.7) and (6.16), as well as (6.19) by (6.8) and (6.16),
as well as (6.20) by (6.10) and (6.17). The last calculations are straightforward:

6.3 6.15
di+1bi71widi71bi+1 (N) (bi71di+1ti)’widi71bi+1 ( '\1’ ) (6 21)
6.15 6.3 ’
( ~ ) bi—ldz’-l—l(witi)di—lbi—i-l (N) bi—ldi—i-lwibi-i-ldi—l;
b7 jaidi 0 b7_yai(dibi)d? O b (@di) (Biabi)dz,
€2 bi—1aid;(bi—1b;)di—1(bi+1b;) 0 bi—1a:bi+1(dibi—1bidi—1)b; ) (6.22)
€} (bi—1aid;—1)d? (b;—1bid;—1)b;;
b7 1bid? e bi—1(bidi)bi—1bid3_, 2 bi—1bi(dibi—1bidi—1)(bi41b;) (6.23)
(6;\1»5) bz’—lbibi—i-l(dibi—lbidi—l)bi (lé\’l) (bv—lbvdv—l)dg(bv—lbvdz—l)bv7
b2 cid?y K02 (dibi)esd?y NP B2 didi oy (bie)dioy
O i) i didi—1bi)eidio L di(bioididioib)digieidiog W (6.24)
€2 di(bi—1d;di—1)b? (bi—1cidi—1);
b2 did?, WD B2 didi 1 (bidi)dioy % (didi g )birdidi 1bidid; 6.25)

O G bsrdidi—1b))disrdids—y > di(bs_ydadi—1 )0 (bi—1dsdi—1):
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2 2 (1.2) 5 (a2 g2 72
bi_qxop—1,4d;_y ~ bifleP*Ll(blbi+1di+1dl)di71

(6.16) (6.2)
~U 0 b (g1 b)) didE R
O by (didi1)b2, 1 2o 1 10 (bibi_1)2id?_, = (6.26)
(1.2) ) (6.1),(1,2)

(bi—1bi)bi_1d;d? | R
(bi—1didi—1)d;zop—1,:b7 (bi—1bid;—1) (b7 did?_,);

~"bi—1dibi120p—1,:b

)

1.2 6.17
b7 xq.id; i~ b7y (bidi)waq,i(bib? 7y di)d? €L
6.1)
bf_1bibf+1gchgq,ibi)dfﬂdidf_l ~ bf—lbi(dz'—1dz‘)2dz‘$2q,ibi2d?+1dz‘d?—l (6.27)
2 02 bidi 1) dids 1 d2ang i (bibi 1) 2di?_,
(0F_1bid;_ 1) (bi-1didi—1)d}w2q,:b7 (bi—1bid;—1) (b} did3_y). -

6.2. Decomposition of t-balanced words

The goal here is to prove Lemma 6.7, which allows us to decompose i-balanced
words into elementary ones. Due to this decomposition infinitely many relations
©(4.1)-¢(4.13) will reduce to finitely many relations (1.1)—(1.10).

Lemma 6.2. For each i € Zs, any i-balanced word is equivalent by (1.1)—(1.8),
(6.1)~(6.27) to an i-balanced word containing only a;, b, ¢;, di, Tmi, bi—1, di—1.

Proof. The rest letters can be eliminated by using the substitutions:

(1.4) 51 -2 (1.4) 1 —2

T2p—1,i+1 ~~ df+1$2p—1,i—1dibf+1, T2p—1,i—1 ~~ df,lxzp—l,idibf,p
(1.4) q—2 -2 (6.9) -2 -2

T2q,i—1 d§,1b¢+1x2q,¢di+1b3 y o T2q41 dv;—lbg ﬂ?2q,id3 bi—1,

(1.3) (1.3) (1.3) (1.3)
air1 ~" ai—1di,  cip1 ~ bicic1, a1~ aidipr,  cio1 o~ bipicy,
(6.1) (6.2)
biy1 ~" d;1d;, dit1 ~ bibi_1. U

In what follows, fix an index i € Zg.
Definition 6.3 (the encoding p(w) and depth d(w) of a word).

(a) Let w be an i-balanced word in the letters a;, b;, ¢i, di, Tm,i, bi—1, di—1. Consider
the following substitution

Wiy by, iy di T — 05 b1 — (5 dic1 —).

Denote by u(w) the resulting encoding consisting of brackets and bullets.

(b) Since w is i-balanced, the encoding p(w) without bullets is a balanced bracket
expression, see Definition 3.3. For each place k, denote by di f(k) the difference
between the number of the left and right brackets in the subword of p(w) ending
at this place. The maximum of dif (k) over all k is called the depth of w, d(w).

For example, the word w = b? ;a;d?_, gives u(w) = ((o)) and d(w) = 2.
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Definition 6.4 (stars and star decomposable words).

(a) A star of depth k is an encoding of the type (o) that has k pairs of brackets.
The bullet e is the star of depth 0.

(b) If the encoding p(w) decomposes into several stars, then w is called star decom-
posable. In this case, the depth d(w) is the maximal depth over the depths of
all stars participating in the decomposition.

Lemma 6.5. FEvery i-balanced word w is equivalent to a star decomposable word
w’ of same depth d(w') = d(w).

Proof. Consider the beginning of the encoding p(w). After several initial left brack-

ets the encoding u(w) contains either a right bracket or a bullet.

In the first case, delete a pair of brackets () by relation b;,_1d;_1 (2 (). Hence,

we may assume that the next symbol after & left brackets is a bullet. Since p(w) is
balanced, after this bullet there can be a sequence of j, 0 < j < k, right brackets.

If j < k, then insert the subword df:lj bf:lj 02 () in w after the last right bracket.
This operation does not change the depth d(w). Therefore, in the resulting word
w1, the encoding p(wq) contains a star of depth k at the beginning.

For instance, starting with word w = bi,lagdi,l, we get wy; =
bi_1a;d;—1b;_1a;d;—1 and p(wi) = (e)(e). Continuing this process, after a finite
number of steps, we get a star decomposable word wy with d(wy) = d(w). m|

For a letter s, denote by s’ the word b;_1sd;_1, for example, a} = b;_1a;d;_1.

Lemma 6.6. For each i € Zs, every star decomposable word w is equivalent to a
word decomposed into the following i-balanced subwords

i, bi, ciy diy Ty, aj, by, ¢, di, x5, where 3 <m < n.
Proof. Induction on d(w). The case d(w) = 1 is trivial. Let the encoding p(w)
contain a star of depth > 2. Apply one of the following moves to every such star.
_ 2 o (622) o ~ _ _ .
=00l 2 By =0, e p(u) = () — p(v) = (o)  o(e)e;

w=b2 b2 O b = v, ie. p(u) = ((¢)) = p(v) = (o) 0 o(e)e;

(2

w=07eid2y EV ddibie, = v, i plu) = () = p(v) = o(s) o o(o);

w=07did? 2 ddid; = v, i p(u) = () = p(v) = o(s) o o(s);
U = blzflep—l,idlzfl (656) (bz‘—ldidi—l)dixzp—l,ib?(bi—lbidi—l)(bildidil) (6£5)

g1 D (ddb2d]) = v, Le. () = () — u(v) = (s) @ 6 0 6(s) o (o) o o(s);
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6.27
w= 02 ywagad ) ET O b2 ) (bimadidi 1)@y V(b abidi )07y did? )

CES02) (b1 @201y )y d2aq b2, (dsdlb2d]) = v, ie.

1771 T 171

p(u) = ((0)) = p(v) = (e) e e(e) e (s)e0eee(e)e(e)eele).

We get a word wy ~ w of depth d(wy) = d(w) — 1. By Lemma 6.5 the word w;
is equivalent to a star decomposable word wy of depth d(wz) = d(wy) = d(w) — 1.
The induction step is complete. O

Recall that W, ; is the set of all i-balanced words in the alphabet A,,.

Lemma 6.7. For each i € Zs3, every i-balanced word from Wy, ; is equivalent to a
word decomposed into i-balanced words belonging to the set

B, = {ai, b, ¢i, di, bi—1bidi—1, bi—ididi—1, T | 3 <m < n}.

Proof. By Lemmas 6.5 and 6.6 it remains to eliminate only the following words:

(6.1),(1.2) (6.13)

aé =bi_1a;di—1 (didi-i-l)aidi—l (13) (didi—i-l)ai(bidi)di—l
(6.13)

~ di(aibz’)di-i-ldidi—l (GN'Q) dz'aib?(bi—ldz'di—l);

c; =bi1cidiy C28D e ci(biy1bi) ~ O, 1(bidic;) (biv1b;) €0
L bi—1bibiy1(dici)b; 0 (bi—1bidi—1)d?c;bs;
, _ (1.2) (6.1)
Lop—1,i = bi— 1T2p—1, 1d1 1~ b 1T2p—1 1(b d; )di 1~ (dz'd7:+1)(ﬂ?2p—1 ibi)didi—l

6.16
( ~ ) di(pr—l,ibi)dH-ld di—1 (N d; T2p—1, 7b (bz 1did;— 1)
, (1.2)
Ty, = bi—1Z2qidi—1 ~" bi—1(bidi)T2g,i(bid;)d;—1

1.2 6.17

02 bi—1bi(bix1dit1)(diwaq,:bi)did;i—1 L0

(6.1),(6.2) 2

bi—lbibz’+1(diqu,ibi)di+ldidi—1 ~ (bz 10id;— 1)d X2q,i b (bz 1did;— 1)

In equivalences (6.11)—(6.21), let us replace the condition w; € B,, ; by w;. The
resulting relations will be denoted by (6.11")-(6.21"). O

Lemma 6.8. Relations (6.11")-(6.21") hold for all i-balanced words w;.

Proof. By Lemma 6.7 each i-balanced word w € W), ; can be decomposed into the
i-balanced words belonging to B, ;. Since commutative equivalences (6.11)-(6.21)
hold for words in B,, ; by Lemma 6.7, they also hold for all words w; € W, ;. O
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6.3. Deduction of relations ¢(4.1)—p(4.13) from (1.1)—(1.10)

Relations ¢(4.1)—¢(4.13) between words in A,, were obtained from (4.1)-(4.13)
under the isomorphism ¢ : RGT,, — RBT,, see Sec. 5.1.
For [ > 1, denote by u; a generator of the semigroup RGT,,, i.e.

w € {&,m, 01,07 A | 3 < m < n}.

Define the shift maps 0y, : RGT,, — RGT,, and wy : RBT,, — RBT,, by 0;(u;) =
upy; and wy(w) = d5wbl, k > 1. Then 6 is a well-defined homomorphism of
semigroups. Indeed, each relation in (4.1)-(4.13) for £ > 1 is obtained from the
corresponding relation for & = 1 by the shift map 6;_1. For example, relation
&€l = &42&k s obtained from &1& g1 = §—k+3&1 under the shift map 6.

Due to relations (1.2) the shift map wy sends equivalent words to equivalent
ones, i.e. wy is also a homomorphism. The following diagram is commutative.

RGT, —%— RGT,
o] |?
RBT, —*— RBT,
Lemma 6.9. For each k € N, relations p(4.1)~p(4.13) can be obtained from rela-
tions ©(4.1)—~p(4.13) for k =1 by using relation (1.2) bads ~ 1 ~ dabs.

Proof. It follows from the commutativity of the diagram. For instance, we have

0(&x&r) = @0 01 (&161-141) = w1 0 P(E1&—k41) = dy T o(E1&—p1)b5 oL

A5 p(Epr3&)DE ™ = Wit 0 W(E_ki381) = 90 Ok1(&—r13E1) = P(E12Ek).
O

Lemma 6.10. Under the map ¢ : RGT,, — RBT, relations (1.1)-(1.10), (6.1)-
(6.10), (6.11")—(6.21") imply the following ones:

©(X1) ~ bldédlbé, where Xk | = OkOk41 - - Okpi—1; (6.28)
(p(SkJ) ~ dg_lblldgdllbg, where ik,l = Ok+1—1 """ Ok4+10k; (6.29)
30(2'1’1) ~ Diy12, where Dy,; = dfdf}ldiﬂl. (6.30)

Proof. The following calculations are straightforward:

©(X1,) = ¢(o1) -+ ¢(o1) D (b1d2d1bz)(dzbld2d1b%) e (dl{lbldgdlbé)

(1.2) (1.2) (6.28)
<7 (brdady ) (brdady ) (bydadibh) ~ 7 bydbdy bh;
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— 5.1
o(E1.) W (A by dody 1) (5 2b1dady LYY - - (brdadybs)
1.2
0D @1 (bydodyb3)! 2 (brdadyby) (boby ) dady b

O G (b1 dad13)1 2 (boby ) (bydod ba)dady b 6.29)
O 4t (by dady 12)13 (b dody ba) (B35 dod2bs '
GO CELED G 410 ) dadi by < bl dads by,
P(Zk1) = P(Ok-1(E10) = wp1(9(S11)) ~ ds~ bl dad! b5
(i) =gl ) plor o) = 0(E]) - 0(E5,)e(E1))
2 (db1bady b5 1) (A b1bad b5 2) - - - (A2 Lbadl 1 by) (dabh bydl) < (6.30)
G2 dbby (boby ) 1oodt ) dhbrdlthgdt ) dLFIdbLdl = Dy . O

Proof of Lemma 5.5. Here relations ¢(4.1)-¢(4.13) are deduced from equivalences
(1.1)—(1.10), (6.1)—(6.10), (6.11")—(6.21"), (6.28)—(6.30). Denote by the star * the
following images under the map ¢ : RGT,, — RBT,, see (5.1):

(&) = daca, @(o1) = bidady by, ©(A2p—1,1) = @2p—1,2b2,

o(m) = azby, (o7 ') =dabibady,  p(Aag1) = dawag2bs.

The words p(u;) = dy ' x b5~ are 1-balanced (see Fig. 14), i.e. db x bl € W, ; for
each | € N. Then ¢(4.1)-p(4.4) can be proved following the same scheme:

1.2 _ _ 612 1.2
p(eru) R d3(baea) (@5 w057 R dB(dh w bh ) (baea) R pluga);
(4.1)
1.2 _ _ 6.14’ _ _ 1.2
pmur) W (aada) (ds % 0572003 X (@58 x5 (aada)83 ) plu—am);
(4.2)
olorur) ) (bydady ) (@2 % b5Y) ) @2 (badodabo) (453 % bs-3)p3 O )
_ _ 6. 5.1) !
B(d53 % b53) (badodabo)02 %) (4571 % BL2) (bobr)dadi by 2 p(wion);
1.2 _ _ _ o e 6.18"
Pap11u) K TG g 0 ) (s P s by O
oy _ _ 1
dp 1(dl p—2 bl P 2)(bp 11‘21) 12dp 1)bg (N)@(Ul 1A2p 171); (44)

©(A2q,1u1) ~ 02 ds (v~ ! Tog2ds 1)(dl q—1 bl q— 1)bq (6.20)

a3y ) 0F Mg 2dd )08 pluidaga).
The remaining calculations are straightforward:

(1.2) (12)(66)

.6 1.2
o(m261) N)d2(a2b202)( " dybs (a 2d202)b2(~)sﬂ(771§2); (4.5)
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1.2
o(m30261) %2 (d2ash3)(dobidadib3) (dacs) )
(1.2

~ ) d%agbg (bgbl)dgdl (bQCQ) ( ~ ) d% ((Lgbg)dodgdl (bQCQ)
(6. 13)

(6.13)

d2d0 (agbg)dgdl (bQCQ) 2) dg (dgdo) (agbg)dg (bQCQ)dl (1N2)

1.2 . 6.6 1
02 da(dadp)(agbaca)dy ¢ dabi(agbacs)dy ¢ dabbady = (o),
5.1
@(nlagfg) (:) (agbg)(dgbldgdlb%)(d CQbQ) ~ agbldg(dldg)CQbQ

6.1 1.3 . 6.11
(N) (Lgbldg(bocg)bg (N) (aodl)b1d261b2 (N) (Lodg(bldl)cle ( ~ )

(1.3),(1.2) (5.1) oloTh);

6.15
apdabrba(dic1)bs €. (d2bibady)(agcr)ba dobibady =

(5.1),(1.2) 1.5)

dp_l (agbg_lxgp_lngCQ) ( ~

1.2),(5.1
2 )<P(/\2p—1,1)7

P(npA2p—1,261)
(1 ‘J) dp 1(bp 11‘21) 12b2)

(5:1),(1.2) ( (L5)

p—1 P
azTap—1,2dy c2)bh

1.2),(5.1
2 )<P(/\2p—1,1);

e(mA2p-1,28p+1)

1.5 _
O (o128

qg—1 (1.6)
agbd” " waq 2bacy) T~

1.2 5.1
dq(bq 13?2(1 sz) (N) d2$2q,2b2 (:) 30(/\21171)7

(5.1),(1.2)
)R

(5.1),(1.2)
P(Ngr1X2g261)  ~ 7 d5(

(1.6)

_ 1.6
agdgxgqygdg ! )bg (N)

(dow2q 2d3 )b i~ da2q,202 R P(A2q,1);

©(MmA2g,28q+1
(1 6)

p(o1&1) 02 bida(dic2) S b1(daco) €

6.4 6.1 6.4 5.1
D brer % (dado)er K azhy B (&),
1.2 1.3
30(77101) (N) az(bel)dzdlbz (N (a2do)d2dlbz (N)

1.3 1.3 1.3
3 (ar1dz2)d1bs () (aod1)b2 G o(m);

(1.2) (1.2) 1 (1.2)

_ 5.1
o(0107) ) (bydadyby) (dabibadi) ) (byda)(bady)

1 2 1 2 5.1 _
2 (dgbl)(dlbg) 2 (dgblbgdl)(bldgdlbg) (:) 30(0'1 10'1);
(1.2) 2, 12 5 19 (6:2) 2 7 19 (6. LJ)
30(020102) ~ dgbldgdlb bld dlb ~ dg(bldgdlbg)dod dlb

(6.1) (6.2) (6.1)

dodo (bydadybo)d2dr b3 0 b2ds(dyda)dib3 O B2do(dydo)dy (dody )bs
B2dabody (dody )b ) b2(d2b0d1d0b2)d2d1b2 2D 12 (bodad, bado ) dady b
(6.)

1.2)
b2(d1d2)d2d1b2d0d2d1b2 ~ b1d2d1b2(b2b1)d2d1b2 ~ 30(0'10'20'1)

(4.7)

(4.8)

(4.9)

(4.10)

(4.11)
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( 28) (dgxgp 1 2b2)(b1dpd1bp) (6;\/2) dg(xgp 1 ng)dodgdlbg

) (daddo) (A5 V") (w21 205 )b
GO by (08 g 128 )y b8 LY by dl dy (B g 2B YD

1 2 6.28
O (b by (@ap1,252) 27 o(S1 -1 hapo1),
(1.2)

SO(AQp—l,lil,p) (Gﬁg) (xzp 1.262)(bpd2dp52) ~

P (A gy 2bob?)dodPhy O Py (AP gy 1 2bobP )Py
OO O ot bo) (dawap1.263) R (S Ay 2),
B 2b2b1d3d, S

1.2
dydo (da g 2bs)dld b <

©(A2p-1,2%1,p)
6. 16
( ) dgdo(xgp 1 ng)dpdlbp (

(6.28) (1.2)

P(A2g,2X1,q)

€2 dy(dywag.2bs)dodddy b L
U2 (dado)(dag.2d5 ™ )drbg 2 by (doarag 2dd™)dy0d 2
e 2)b d"(bq U 22g.2d5 V) dibd 20 bydddy (b9 g 2dY )b

6.28),(5.
(0 (bldgdlbg)(d2$2q,252)( Ll )<P(El,q)\2q,1)7

(d $2q72b%) (b1 dg d1 bq)
7)

(/\2(1,121 q) : 29) (d2x2q 2b2)(qu2dqb2) 1’\’2) d2$2q ngb dgd bg
Uy (dobT 250 1d72b0)bobdodby * ) B2 (dy 223 161 ) dod?bs

O b9y (dyarag 1b1)d202 2 b3dady (49 2bowag 2dob?2)d? by

6.1),(1.2 6.29),(5.1 =
(61062 (bdad{ba)(d3w2q,2b3) (629,50 ©(X1,gA24,2);

6.30 1.9
P(A2p-11%7 1) €3 (z2p—1,2b2) Dp 2 0

(1.9)

7 Dp_q,2(xop—1,2b2) ~

80(/\2%12/1,(1—1)

(6.30)

(6.30)
(] par2p—1,1),

1.10
(d2$2q 262) q,2 ( ~ )

1.10 6.3
(L Dy 2(dawag 2b2) 3

0)
P(31,g-1A24,1)-

7. Further Approaches to Classification of Spatial Graphs

(4.12)

(4.13)

(4.14)

By Theorems 1.6 and 1.7 the isotopy classification of spatial graphs reduces to a
word problem in the semigroups RSG,,, NSG,. A solution of the word problem
will provide an algorithmic classification of spatial graphs up to ambient isotopy.

Problem 7.1. Find an algorithm to decide whether two central elements of the

semigroup RSG,, (respectively, NSG,,) are equal.

In Sec. 7.1 the semigroups RSG,, and NSG,, are studied via representation the-

ory of groups. In Lemma 7.6 a presentation for the fundamental group 7y (% —

G) of
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a spatial graph G is obtained by means of three-page embeddings. This description
will be used to get a lower bound for the three-page complexity tp(G). In Sec. 7.3
a complexity theory for spatial graphs is developed by introducing the three-page
complexity ¢p(G) in Definition 7.10. A lower bound of tp(G) will be obtained in
terms of the group 71(S® — @), see Proposition 7.20 in Sec. 7.4. In Sec. 7.5 spatial
graphs up to complexity 6 are described.

7.1. Groups associated to the semigroups RSG,, NSG,,.

By Theorems 1.6 and 1.7 any representation of RSG,,, NSG,,, that is non-trivial
on their centres, gives an isotopy invariant of spatial graphs. Representation theory
of groups is simpler than that of semigroups. So, the goal is to map the semigroups
RSG,,, NSG,, to groups and then to study representations of these groups.

Definition 7.2 (the group F associated to a semigroup F). Let F be a
finitely presented semigroup generated by a set A and relations R. Put A=! =
{a=! | a € A}. The associated group Fis generated by the set AU A~! and rela-
tions R. The natural homomorphism F — Fis given by A — AU AL,

Lemma 7.3. The groups m,m are isomorphic to the free abelian group
Zntl gene@t\@é by @i, T, where/i\e/Zg, 3 < m < n. The natural homomorphisms
RSG, — RSG,, and NSG, — NSG,, are defined on the generators:

a; v i, by Qi1 — Qiqp1, G —Qq,  di > Qi1 — Gi—1,  T2q4 > T2g,

Top—1,0 — Top—1, Tap—1,1 > Top—1 + a2 — Go, Tap—1,2 — Top—1 + G2 — Q7.

Proof. Let a;, Z;i, Ci, cil be the images of a;, b;, ¢;, d; under the natural homomor-
phisms RSG,, — RSG, and NSG, — NSG,,. Relations (1.1)-(1.10) convert to

—

new relations (1.1) — (1.10) between words in the letters ay, by, ¢, d;.

Firstly, let us consider the case n = 2, i.e. the Dynnikov semigroup DS =
RSGy9 = NSG5. The elements I~)7,CL € DS are invertible by (1.2). In order to get
a presentation of 5-5/’, let us add the symbols a; L c; ! that are inverses of a;, &,
respectively. We have (/]j\_g)/) Bl = &ifléprl,d‘i = Zziﬂéi,l. Then Bi = ai,15i+1 =
5[,1151;11 or C;—1G;—1Ci+10;41 = 1.

Put éi = Ei&i; S Zg. Hence, éz_é\}/: éoég = éléo = ]., i.e. éo = él = ég and

ég =1 and €y = é; = €3 = 1. So, the elements a;, ¢; are mutually inverse.

Then (/1\3/) ELiJrl = &ifldi and Z;l = ai+15i+1 imply ZzHl = di,15;1 and Bi =
&i,ldf_ﬁl, respectively. Therefore, @; 1 = &i,ldHlELi—_ll, i.e. the elements @; commute
with each other. So, DS is the free abelian group Z3 generated by g, a1, dz. The
other letters are Ei = &i,ld;ﬁl, Ci = d;l, cfi = diHEL;_ll.
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In the general case n > 2, it suffices to check that the images Z,, ; of the letters
Zm,; commute with each other and with all @;. Recall that commutativity uv = vu
is briefly denoted by u « v. Relations

— — -~

(1.5) Eop_1,id? " = @i(Zop_1.4d° " M)a; L,  (1.6) difing,id?™ " = @i(difag,d?™

[ [

1)&;1

e —

imply & ; < @;, where 3 < k < n. By (1.4) we get @; < &y i+1. By (1.8) F2p_1.ib; <
T it1 and d¢£2q7igi — Tp,it1 we have Ty, <> Tm,it1. By (1.4) we conclude
Tm,i+1 <> Tii+1. The symbols T, 1, 2 are expressed in terms of T, = Zy,,0 by

(1.4), (6.7), (6.9). |
For each i € Zs, introduce the linear functions
Fi: RSGp,NSG, —Z by Fy(a;) =0, F(a1)=1 Fi(Zm)=0,

except @ = 2 and m = 2p — 1. In the latter case, put F(Z2p—1) = 1.
Denote by || the difference between the number of the left and right brackets
in a bracket expression (3. The following claim is an easy observation.

Lemma 7.4. For any w € RSG,, NSG,, and i € Z3, we have F;(w) = |5;(w)].

Now we may describe the images of RSG,, and NSG,, in the associated groups.
Elements of the groups RSG,, and NSG,, will be written in the abelian form.

Proposition 7.5. Under the natural homomorphisms RSG, — RSG, and
NSG,, — NSG,, the centres of RSG,,, NSG,, map to the set

{—zao—zzn+za2+k35:3+---+knazn Y ka1 =22 kn 20, 33m§n}.

141
2<p< =

The centre of DS = RSGs = NSG2 maps to the zero element 0 € DS = 73,

Proof. Let w be the image of a word w € RSG,, or w € NSG,, under the natural
homomorphism. By Lemma 7.3 the word w € RSG,, NSG,, has the form w =
xag + yay + zas + Z:;:?, kmTm, where x,y, z, k;, € Z. Since the words (;(w) are
balanced, then |3;(w)| = 0 for each i € Zs. By Lemma 7.4 we have
Fo(w)=y+2=0, F)=z2+2=0, FKW)=z+y+» ky1=0,
P
ie.rz =y = —zand Zp kop—1 = 2z. Conversely, any word @ of this type is the
image of the central element w = agmlgfo . 'mﬁ’jocgcf € RSG,, NSG,. O
The image of the centre of RSG3 =2 NSGj5 is {—zag — za1 + zaz + 2233 | z > 0}.
For singular knots, the centre of RSGy,y maps to the subset {kZ4 | & > 0} of the
group Z* generated by dg, @y, ao, 4. If the image of a word in RSGyyy is wg = kiy,
then the given singular knot G contains exactly k singular points.
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More generally, only the set of the vertices of a spatial graph GG can be recon-
structed from the image of an encoding word w¢g in the associated group. It means
that the algebrac approach to the method of three-page embeddings can be effective
only via semigroups, not via groups.

7.2. Presentation of the fundamental group w1 (S3 — G)

Further spatial graphs G C S? are considered up to homeomorphism f : 3 — 53,
which can reverse the orientation of S®. Assume that S3 is obtained from R? by
adding the infinity point co. For a knot (or a graph) K C S3 the fundamental
group 71 (9% — K) is said to be the knot group w(K) or the graph group.

Neuwirth constructed a presentation of the knot group by using an arc presen-
tation of a given knot [13]. The arc presentation is an embedding of a knot into a
book with finitely many pages in such a way that each page contains exactly one
arc. The Neuwirth construction will be modified for three-page embeddings.

Adding the infinity point co to the axis o gives the circle @ C S3. Let us
demonstrate our computations for the trefoil K in Fig. 15. We are going to choose
the Neuwirth loops lying in S near the pages P;, the base point is co € @. For each
arc v C KNP, let us take a loop going around « and all the arcs lying in P; farther
from « than . See the right picture of Fig. 15.

For example, for the arc AjAy C P; in Fig. 15, we take the loop r near P;.
Similarly, the arc A; A3 C Py provides the loop ug near Py. The chosen loops will
be the generators of w(K). To each segment A;A;11 C « associate two or three
loops (at most one near each page) going around nearest arcs. To get defining
Neuwirth’s relations let us write down the associated loops from Py to P». The
segment Ay Ay C a provides ugr = 1, the segment A A gives ugv; = 1.

In fact, we get the following presentation:

W(K) = <Uo,U17U27u377’787t,v1,02,v3 | Up”r = UpV1 = SV1 = U15V2

= UpsU3 = uzv3 = Uzt Vg = ust lv; = ust = 1).

| A !_‘11 As llh/uji;ual A A\ o
S e
K P

[

|
|
N8/
o
~T—T§
'\Q
e

Fig. 15. The trefoil K is encoded by the word wx = a2d0d2a%b2boc§cg.
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1 1

We have r—1 = v =Ug = ust™t = s, v;l =us = ust™ !, Vs = U8 = u3, u] = t,
hence ug = s, uy = t, us = st, ug = tst. Relation uss = ug converts to sts = tst.

We get the presentation w(K) = (s,t | sts = tst) of the trefoil group.

Lemma 7.6. The above modification of the Neuwirth construction provides a pre-
sentation of the graph group 7(G) = 71(S® — G) for any spatial graph G C Y.

Proof. For each segment AjA 1 C «, choose a small subsegment I; C A;A;j41.
For sufficiently small ¢ > 0, let N(I;) be the e-neighborhood (a cylinder) of I,, and
N(A;1Ay,) be the $-neighborhood (also a cylinder) of the segment A;A,,. We join
the two neighboring cylinders N (I;), N(I;+1) by an arc T; C R® — Y. Put

X=NL)UTyUNI)U---UTy 2UNIp_1), Y =5 (GUN(AAy)).

Then the space X is contractible, i.e. w1 (X ) = 1. The group 71 (Y') is freely gener-
ated by the Neuwirth loops. Moreover, the space X UY is homotopically equivalent
to S3 — G, hence m (X UY) = 7(G).

By Seifert—Van—Kampen'’s theorem, in order to get a presentation of 1 (X UY)
we should add relations corresponding to all generators of m1 (X NY’). The inter-
section X N'Y consists of the tubes N(I;) — N(A1A,,) joined by the arcs T;. The
group m1 (X NY) is generated by loops going around the segments I; C AjA; 4.
All defining relations of 7(G) are Neuwirth’s relations introduced above. O

Definition 7.7 (the disjoint union, a vertex sum, an edge sum, a loop
sum).

(a) A spatial graph F' C S3 is called the disjoint union of spatial graphs G, H C S3
and denoted by G U H, if there is a two-sided 2-sphere S C S® such that
F = GU H, the subgraph G C F lies inside the sphere S, the subgraph H C F
lies outside S.

(b) A spatial graph F' C S% is called a vertez sum of spatial graphs G, H C S% and
denoted by G x H, if there is a two-sided 2-sphere S C S® such that F = GUH,
F'NS =wis either a vertex or a point inside a loop of G and H, the subgraph
G — v lies inside the sphere S, H — v lies outside 5, see Fig. 16.

(c) A spatial graph F' C S is called an edge sum of spatial graphs G, H C S and
denoted by G'V H, if there is a two-sided 2-sphere S C S% and an edge e C I
such that F —e=GUH, FNS =enS =1 point, G lies inside S, H lies
outside S.

(d) A spatial graph F C S is called a loop sum of spatial graphs G, H C S® and
denoted by G o H, if there is a two-sided 2-sphere S C S and an arc I C S
such that ' = (GUH)— 1, GN H = I is contained in a loop e C G and in a
loop ey C H, the subgraph G — I C F lies inside S, H — I lies outside S, see
Fig. 16.
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GvH

GxH

Fig. 16. A vertex sum of spatial graphs, an edge sum, a loop sum.

The disjoint union G U H is determined uniquely up to homeomorphism f :
53 — S3. In the case of links, the notion of a loop sum coincides with the usual
connected sum. For arbitrary spatial graphs, a loop sum can be nonassociative and
noncommutative since it depends on the loops eg, ey from Definition 7.7(d).

For finitely presented groups m, 7', the group 7 * ' is called the free product
of w,7'. A presentation of 7™ * ™ can be obtained by uniting the generators and
defining relations of 7, 7’. Lemma 7.6 implies

Lemma 7.8. For any spatial graphs G, H C S3, we have
T(GUH)2#n(G+xH)2n(GV H)>2rn(G)*nw(H).

Due to Lemma 7.8 we are able to calculate the Alexander polynomial of spatial
graphs by means of three-page embeddings. This allows us to classify an infinite
family of singular knots with arbitrary numbers of singular points and crossings
[9, Propositions 2.4-2.5].

7.3. Complexity theory for spatial graphs
It is convenient to extend a three-page embedding to a more general one.

Definition 7.9 (general three-page embeddings). An embedding G C Y of a
graph is called a general three-page embedding, if conditions (a)—(c) of Definition 3.1
hold and

(f) a neighborhood of each m-vertex A € G lies in P; UP; C Y.

A general three-page embedding of a spatial graph can be constructed as in
Sec. 3.2, but there is no need to check conditions (iv)—(vi) there. General three-page
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embeddings also can be encoded by finitely many letters. We may prove analogues
of Theorems 1.6 and 1.7, but in this general case universal semigroups will be
generated by much more letters and defining relations.

Definition 7.10 (the arch number ar(G) and three-page complexity
tp(G))-

(a) An arch of a general three-page embedding G C Y is a connected component
of G — a. The arch number ar(G) is the number of arches in the embedding.

(b) The three-page complexity tp(G) is the minimum of ar(G) — 2 over all possible
general three-page embeddings G C Y of a given spatial graph G.

In the case of a link L C Y, the arch number ar(L) is equal to the length of wy,.
In general, we have tp(G) > 0 for a spatial graph G. Moreover, tp(G) = 0 if and
only if G is the unknot O;. For the Hopf link L, we have tp(L) = 4.

Let S(p, ¢) be the nonoriented 2-bridge link having Shubert’s normal form with
the parameters p, ¢ > 1 [2, Chap. 12.A]. The link S(p, ¢) can be encoded by

apa? ' bab?  bo9dI  epc?™! ) hence tp(S(p, q)) < 2p + 2 — 2.
Conjecture 7.11. The three-page complexity of S(p,q) is 2p+2¢g — 2, p+ ¢ > 3.
Conjecture 7.11 is true for the Hopf link S(2,1) and trefoil S(3,1).

Lemma 7.12. For any k € N, there is a finite number of spatial graphs G of
three-page complexity tp(G) = k.

Proof. Let us estimate from above the number T P;, of all three-page embeddings
G C Y of spatial graphs with ar(G) = k. For such a three-page embedding, the
number of the intersection points from G' N « is not more than k. A neighborhood
of an m-vertex can be embedded into two pages of Y in not more than 4™ different
monotone ways. We may estimate TPy very roughly as TP, < (4F)F. O

A spatial graph G C S? is called prime, if it is not a loop sum of other spatial
graphs disctinct from the unknot O;.

Problem 7.13. Find asymptotics for the number N, (k) of all prime spatial n-
graphs of three-page complexity k.

To get additivity (a) of Theorem 1.8 we need a geometric inversion.

Definition 7.14 (the geometric inversion f, . : §3 — S§3). Let Sar C 53
be the geometric 2-sphere with a centre a € S® and a radius 7 > 0. Then the
geometric inversion f, . : S — S is defined by f, () = a+ ﬁ(x — a). Here
x,a € S are considered as usual 3-dimensional vectors, |x — a| is the length of the
vector x —a. In particular, f, ,(a) = 00, fo.r(00) = a, for(x) =z for each x € S, .
Moreover, the inversion changes the orientation of S3.
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If the centre a of a geometric inversion f, , lies in the axis a of the book Y, then
far(a) = a and f, (YY) = Y. Assume that the arches of a spatial graph G C Y
come to the axis « as perpendicular smooth curves. Any three-page embedding of
a graph is isotopic inside Y to such a geometric embedding.

For a geometric three-page embedding K C Y of a singular knot K, two branches
of K intersect non-transversally at a singular point A € K, see the singular knot 24
in Fig. 17. But we may always select the branches of K at A since any rigid isotopy
keep a neighborhood of A in a (non-constant) plane or a bowed disk.

Under an inversion f, ,, a € &, a smooth arch with endpoints b, c € o goes to a
smooth arch with endpoints f, ,(b), fa,r(c) € o, in the same page.

Lemma 7.15. Let eg be a loop of a spatial graph G. Let G CY be a general three-
page embedding. Then there is a geometric inversion fq ., such that fqr(G) C Y,
ar(fo,r(G)) = ar(Q), the left extreme point from fq -(G) N« belongs to fqur(eq).

Proof. The loop eg has two extreme points from eq N «, say Ay, A;, where k < [.
Since the loop e contains not more than one vertex of G, then one of these points
(say Ag) is not a vertex of G. Both geometric arches at Aj come perpendicularly
to the axis a. Then we may take a geometric sphere S, , with @ € @ and a small
radius r, such that A, € S, , and G — Ay, lies outside S, .

Then for(Ax) = Ag, and fq,(G — Ay) lies inside S, . The point Ay, is now an
extreme point of f, ,(G) N a, in the axis a. If Ay is the right extreme point, then
take a symmetric reflection of f,,(G) C Y in a plane perpendicular to a. O

Proposition 7.16. For any spatial graphs G, H C S®, we have
(a) tp(G UH) =tp(G) + tp(H) + 2;

(b) tp(G * H) = tp(G) + tp(H) +
(c) tp(GV H) tp(G) + tp(H) +
(d) tp(G o H) <tp(G) + tp(H).

Proof. (a) Take general three-page embeddings G, H C Y with the minimal num-
bers of arches, i.e. ar(G) = tp(G)+2, ar(H) = tp(H )+2. To get a general three-page
embedding G U H C Y, we attach two copies of Y along a. Then

tp(GUH) <ar(GUH)—-2=ar(G)+ar(H) —2=tp(H) + tp(H) + 2.

Conversely, choose a general three-page embedding GUH C Y such that ar(GLI
H) = tp(G U H) + 2. The sphere S from Definition 7.7(a) divides the embedding
G U H C Y into two disjoint parts in such a way that wguy = uivy - - - ugvE, where
the words wy---ug and vy ---v, encode the subgraphs G,H C Y. So, we have
ar(G) +ar(H) = ar(GU H) = tp(GU H) + 2. We get the desired inequality

tp(G) + tp(H) < ar(G) +ar(H) —4=tp(GUH) — 2.
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(b) Take general three-page embeddings G, H C Y such that ar(G) = tp(G) + 2,
ar(H) = tp(H) + 2. Choose general three-page embeddings G, H C Y such that
ar(G) = tp(G) + 2, ar(H) = tp(H) + 2, and also the right extreme point of G N «
(respectively, the left extreme point of H N «) is the gluing point v from Defini-
tion 7.7(b). Attach the obtained embeddings G, H C Y to get a general three-page
embedding G« H C Y such that ar(G * H) = ar(G) + ar(H) as (a).

Conversely, take a general embedding GxH C Y with ar(GxH) = tp(G U H)+2.
The sphere S from Definition 7.7(b) divides the embedding GxH C Y into two parts
intersecting at the point v. These parts form two independent general embeddings
G,H C Y with ar(G) 4+ ar(H) = ar(G * H). The proof finishes as in (a).

The item (c) is similar to (a) and (b). Given general three-page embeddings
G,H C Y, by Lemma 7.15 we may construct a general three-page embedding
GUH C Y such that the right extreme point of GNa (respectively, the left extreme
point of H N «) is an endpoint of the edge e C GV H from Definition 7.7(c).

Also we may assume that neighborhoods of these endpoints lie in two common
pages of Y. Otherwise it suffices to rotate the embedding of G (say) to secure the
above condition. Now we are able to add the edge e C G V H to the embedding
GUH C Y and to get a general three-page embedding GV H C Y with ar(GV H) =
ar(G) + ar(H) + 1. The proof finishes as in the item (b).

The item (d) is similar to the first part of (¢). Take general three-page embed-
dings G, H C Y with ar(G) = tp(G) + 2, ar(H) = tp(H) + 2. By Lemma 7.15 we
may construct general three-page embeddings G, H C Y that are intersected at a
common “vertical” arc I L « from Definition 7.7(d), see Fig. 16. Here monotone
condition (e) of Definition 2.2 does not play any role. Now the arc I can be removed
from the union G U H C Y to get a general three-page embedding G o H C Y such
that ar(G o H) = ar(G) + ar(H) — 2 = tp(G) + tp(H) + 2. Then

tp(Go H) <ar(GUH) —2=ar(G) +ar(H)—4=tp(H) + tp(H). O

The reverse of the item (d) is much harder since the sphere S from Defini-
tion 7.7(d) may intersect an embedding G o H C Y in a terrible way.

Conjecture 7.17. The three-page complexity is additive under a loop sum, i.e.
tp(G o H) = tp(G) + tp(H) for any spatial graphs G, H.

If Conjecture 7.17 is true, then we get an hierarchy on the set of spatial graphs
considered up to homeomorphism f : S — S3. Proposition 7.16(a) implies that
the three-page complexity of trivial k-component link Oy is tp(Ox) = k - tp(O1) +
2(k — 1) = 2k — 2. Theorem 1.8 follows from Lemma 7.12 and Proposition 7.16.

7.4. Lower bound of the three-page complexity

The crucial problem in a complexity theory is to find a sharp lower bound for the
complexity. This will be done for the three-page complexity tp(G) in terms of the
group 7(G) = m (S — G).
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Definition 7.18 (the three-letters complexity tl(w) of a group).

(a) Let 7 be a finitely presented group. A presentation of 7 is called a three-letters
presentation, if it contains k generators and not more than k — 1 relations, each
relation consists of 3 generators or their inverses.

(b) The three-letters complexity t1(m) is the minimal number of generators over all
three-letters presentations of 7 if they exist, otherwise put tl(m) = occ.

For instance, Z is the only group of tl = 1. The groups of tl = 2 are Z x Z and
Zs3 « Z. The group Z ® Z = {(a, b, ¢ | abc = acb = 1) has tl = 3. All groups of tl = 3
are listed in [9, Example 2.11]. The cyclic groups Z, (k > 1) have tl = cc.

Proposition 7.19.

(a) There are finitely many groups m of tl(w) = k for fized k.
(b) If m and wo have three-letters presentations, then tl(my * o) = tl(my) + tl(ma).

Proof.

(a) Tt suffices to estimate from above the number TLj of all three-letters presen-
tations of complexity k. For such a presentation, there are not more than 3%
different relations, hence T Ly, < (3F)k—1.

(b) Since the union of three-letters presentations for w1, o gives a three-letters
presentation for my * mg, then tl(m * m2) < tl(m) + tl(ms). If a defining relation
from a three-letters presentation of 71 * 7o contains two generators of m (say)
and a generator g of 7y, then g € 71 that is a contradiction.

So, any three-letters presentation of 7y * 7o splits into two three-letters presen-
tation for 71 and mo. Hence, one gets tl(my * mo) > tl(m1) + tl(ms). O

The 6i-graph consists of 2 vertices joined by k > 2 edges. The trivial graph
0, C S® is the j-graph embedded into R? C S3. For example, the trivial graph
f5 is the unknot. The trivial graphs 63 and 84 are the second and fourth graphs in
Fig. 17 below. Each trivial graph 6; has a general three-page embedding 0, C Y
such that ar(6;) = k and 0 N« = 2 points.

Proposition 7.20. For any spatial graph G, distinct from a trivial graph 0, we
have tp(G) > tl(w(Q)). For the trivial graph 0y, we get w(0y) = Fy_1, the free group
with k — 1 generators, and t1(w(0y)) =k — 1, tp(0) = k — 2.

Table 1. The number of spatial graphs up to three-page complexity 6.

Spatial graphs tp=0 tp=1 tp=2 tp=3 tp=4 tp=5 tp==©6
Nonoriented knots 1 0 0 0 0 0 1
Nonoriented links 0 0 0 0 1 0 0
Nonoriented spatial 3-graphs 0 1 0 1 2 2 2
Nonoriented singular knots 0 0 2 0 2 2 5
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Proof. Let us take a general three-page embedding G C Y with the minimal
number of arches, i.e. ar(G) = tp(G) + 2. Lemma 7.6 gives a presentation of w(G)
with ar(G) generators, all relations contain at most three letters.

Two Neuwirth’s relations corresponding to the extreme segments A Ao, A;_1 A;
contain exactly two letters. Hence at least two generators are superfluous, i.e.
tl(n(G)) < ar(G) — 2 = tp(G). The above argument does not work, if there is
exactly one extreme segment, i.e. A1 Ay = A;_1A; and G = 0. O

Problem 7.21. Find lower bounds for the three-page complexity in terms of
known polynomial invariants of links and spatial graphs.

7.5. Spatial graphs up to complexity 6

Figures 17-20 show all nonoriented links, spatial 3-graphs and singular knots of
three-page complexity < 6, except disjoint unions. Figures 17-20 contain only two
non-trivial links: Hopf link 4; and trefoil 6.

O o X O O

knot 0, 3-graph 1, singular knot 2, sing. knot 2 3-graph 3,

Fig. 17. Spatial graphs up to complexity 3.

Fig. 18. Spatial graphs of complexity 4.

G5y G B0 D)

3-graph 5, sing. knot 54

Fig. 19. Spatial graphs of complexity 5.
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NN/ _

Y 4 3-graph 6, sing. knot 6,4

knot 61
/@ v @\ VOV Y

sing. knot 6, i

8 ° sing. knot 6 sing. knot 6, .

sing. knot 65
Fig. 20. Spatial graphs of complexity 6.
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